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ABSTRACT 

The  general  problem  of  the  effects  of  impurities  on  the  vibrational, 
electronic,  and  magnetic  properties  of  crystalline  solids  has  currently 
attracted  much  interest.  One  aspect  of  this  problem  has  been  the  study 
of  random  disordered  systems,  and  in  recent  years,  there  have  been 
numerous  experimental  and  theoretical  investigations  >i  the  phonon  optical 
properties  of  mixed  crystal  systems.  We  have  studied  experimentally  the 
Raman  scattering  (at  ~4°K,  77°K,  and  300°K)  from  the  mixed  fluorite 
systems,  Ca^^Sr  F„  and  Ba^_cSrcF2,  using  laser  excitation  and  a  photon 
counting  detection  system.  Analogous  work  on  the  fax- -infrared  reflecti¬ 
vity  spectra  for  these  systems  has  been  carried  out  by  Verleur  and  Barker. 

The  Green's  function  methods  which  have  been  extensively  employed 
for  the  isolated  defect  and  random  disorder  problems  are  reviewed,  and 
it  is  shown  how  the  phonon  optical  properties  can  be  expressed  using  this 
formalism.  These  techniques  have  been  very  useful  for  qualitative  and 
quantitative  understanding  of  impurity  effectd,  although  they  usually  in¬ 
volve  cumbersome  computational  difficulties  for  physically  realistic  models 


of  the  impurity  and  the  host  lattice.  A  low  concentration  theory  for 
Raman  scattering  and  infrared  absorption  in  mixed  crystals,  based 
on  an  average  Green's  function  <G>,  is  described  and  applied  to  the 
Ca^  system;  theoretical  calculations  are  presented  and  com¬ 

pared  with  experimental  measurements.  The  "proper  self-energy" 
functions  which  arise  in  this  formalism  are  calculated  to  first  order 
in  the  concentration  c,  and  involve  certain  unperturbed  phonon  Green's 
functions  ju  +  i£),  which  have  been  computed  numerically 

fo”  a  rigid  ion  model  of  a  harmonic  fluorite  lattice.  These  Green's 
functions,  which  would  be  useful  for  many  other  studies  of  phonon 
impurity  properties  in  CaF2,  are  included  in  an  appendix. 
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I .  INTRODUCTION 


The  study  of  the  physical  effects  that  impurities  have  on  the  vi¬ 
brational,  electronic,  and  magnetic  properties  of  a  crystal  lattice  ha3 
recently  attracted  much  experimental  said  theoretical  interest.  The  work 
in  this  field  has  had  a  variety  of  objectives,  which  can  be  broadly  char¬ 
acterized  as:  l)  a  study  of  new  effects,  such  as  local  and  resonance 
modes,  which  can  arise  when  suitable  impurities  are  present,  2)  the  use 
of  impurities  to  induce  new  effects,  through  a  breakdown  in  the  selec¬ 
tion  rules  applicable  to  a  perfect  crystal,  3)  the  study  of  dynamical 
properties  of  the  impurity  itself,  U)  the  study  of  the  modification  of 
existing  properties  with  the  addition  of  defects.  Furthermore,  there 
has  been  a  wide  range  of  experimental  techniques  which  have  been  employed 
for  these  investigations.  Such  work  has  included  Raman  and  infrared 
spectroscopy,  the  MiSssbauer  effect,  neutron  scattering,  measurement  of 
thermal  and  electrical  conductivity,  etc. 

The  literature  in  this  field  has  been  expanding  so  rapidly  that  it 
would  be  futile  to  attempt  to  cite  all  cf  the  work  that  has  been  done. 

An  excellent  and  extremely  thorough  review  article  on  the  effects  of 
point  defects  and  disorder  on  lattice  vibrational  properties  has  been 
given  by  Maradudin^ .  Although  the  emphasis  in  the  present  work  shall 
be  specifically  on  the  phonon  problem,  some  further  references  to  work 
on  the  electronic  and  magnetic  impurity  problems  will  be  given  at  appro¬ 
priate  places  later.  Many  of  the  review  articles  can  often  be  consulted 
for  numerous  references  on  specific  aspects  of  this  general  field. 
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The  mathematical  techniques  vhich  have  been  most  useful  for  describ¬ 
ing  and  understanding  impurity  effects  in  crystalline  solids  involve 
Green's  function  methods,  analogous  to  those  used  in  many -body  problems. 
These  techniques,  which  can  be  used  to  relate  the  properties  of  an  im¬ 
perfect  crystal  lattice  to  those  of  a  perfect  lattice,  are  ;nvenient  for 
analyzing  the  "isolated  impurity"  problem,  and  can  be  successfully  applied 
whenever  the  perturbation  caused  by  the  defect  is  spatially  localized. 
Because  of  their  generality,  Green's  function  techniques  can  be  used  to 
describe  a  wide  variety  of  impurity  effects  on  the  physical  properties  of 
solids.  The  underlying  unity  that  characterizes  these  methods  allows  the 
mathematical  formulation  of  many  physically  diverse  phenomena  to  be  car¬ 
ried  out  in  essentially  the  same  way.  We  shall  discuss  some  of  the  basic 
aspects  of  the  Jreen's  function  formalism  in  a  later  chapter. 

Because  the  problem  of  a  single  impurity  is  now  reasonably  well  un¬ 
derstood,  qualitatively  and  quantitatively,  much  of  the  current  interest 
in  this  field  has  shifted  to  studies — both  experimental  and  theoretical — 
of  mixed  crystal  systems.  The  most  extensive  (analytical)  theoretical 
work  on  random  disordered  crystals  has  consisted  of  attempts  to  extend 
those  methods  of  Green's  functions  which  have  proved  so  successful  for 
describing  the  isolated  local  impurity  problem.  These  "average  Green's 
function"  techniques  have  been  fruitful  for  explaining  many  of  the  fea¬ 
tures  of  a  disordered  system,  although  they  are  often  limited  by  the  ap¬ 
proximations  that  must  be  imposed  for  even  the  simplest  models.  In  some 
respects,  these  approximations  have  not  been  completely  satisfactory;  for 
example,  they  are  inadequate  to  explain  or  predict  many  of  the  compli¬ 
cated  "spike"  effects  which  exact  machine  solutions  have  shown  can  exist 
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(in  the  density  of  states)  for  even  the  simplest  systems.  These  diffi¬ 
culties  may  he  related  either  to  the  limitations  of  the  numerical  approxi¬ 
mations  ,  or  possibly  even  to  the  inadequacy  of  the  assumptions  made  on 
the  analyticity  properties  of  the  average  Green's  function  as  a  function 
of  the  concentration  o.  Furthermore,  even  in  situations  where  these 
methods  have  been  applied  with  reasonable  assurance  of  validity,  they 
usually  involve  tedious  numerical  calculations  for  realistic  models  of 
the  lattice  and  defect.  Nevertheless,  despite  some  of  the  shortcomings 
in  certain  pathological  cases,  or  the  problems  of  computational  diffi¬ 
culty,  these  techniques  have  had  great  success  in  describing  many  of  the 
impurity  effects  observed  in  physical  systems.  The  method  of  Green's 
functions  as  applied  to  the  study  of  a  random  disordered  crystal  will  be 
discussed  more  fully  for  the  vibrational  problem  in  a  subsequent  chapter. 
At  that  time,  we  shall  also  give  a  survey  of  the  variety  of  other  (non- 
Green's  function)  approaches  that  have  been  taken  to  analyze  this  prob¬ 
lem,  and  some  of  the  results  that  have  been  obtained. 

One  aspect  of  this  general  problem  is  the  investigation  of  the  ef¬ 
fects  of  disordering  on  the  behavior  of  the  long-wavelength  optical  vi¬ 
brations  of  mixed  crystals.  There  has  recently  been  numerous  experimen¬ 
tal  work  on  Hainan  scattering  and  infrared  absorption  from  phonons  in  a 

wide  variety  of  mixed  crystal  systems.  The  present  work  iB  concerned  with 

t  f 

a  study  of  the  mixed-fluorite  systems,  Ca^_xSrxFg  an<*  ®al-x®rx^2‘  have 
—investigated  experimental?^^  the  first  order  Raman  scattering  from  these 
systems,  and  Verleur  and  Barker have  done  analogous  work  on  the  infra¬ 
red  reflectivity.  The  work  to  be  reported  here  is  an  attempt  to  discuss, 
qualitatively  and  quantitatively ,  the  observed  experimental  effects  of 


disordering  on  the  optical  vibration  modes  fcr  the  mixed-fluorite  systems . 

The  experimental  literature  on  phonon  optical  properties  in  mixed 

crystal  systems  is  extensive;  several  examples  of  other  systems  that  have 

(!) 

been  studied  by  Raman  and  infrared  spectroscopy  include  GaAs^_xSbx'  , 

Znl-xcaxs<6)-  ZnSel-xTex<7)-  KVxKxC1<6)'  KC1l-xBrx<9>' 

K1-xRV1<9)-  ltMei-xN1xF3(10>’  Sil-xGex<11)  •  InPl-xAsx(l2>-  0aPl-xflsx<13’ 
lll>,  cas^SeJ^-lTi,  ^^(18),  NaCi&Clf  (19),  LiE^20! 

There  would  be  many  more  examples  if  the  list  were  enlarged  to  include 
work  on  other  than  phonon  optical  properties.  There  are  also  some  gen¬ 
eral  articles  which  are  a  useful  review  of  the  experimental  results  on 

/  oi  N 

mixed  crystal  systems'  '  and  a  discussion  of  the  behavior  of  the  long- 
wavelength  optical  mode3vc  . 

Experimental  observations  on  Raman  scattering  and  infrared  absorp¬ 
tion  from  such  crystals  has  yielded,  basically,  two  characteristic  types 
of  behavior.  Assume  that  a  mixed  crystal  A,  ,.B  C  can  be  formed  from  AC 
and  BC,  each  of  which  are  characterized  by  one  optically  active  mode, 
with  frequency  u.  and  o  respectively.  Then  in  the  first  (Type  I)  be.na- 

D 

(2-10)  -* 

vior,  the  mixed  crystal  A.  B  C  continues  to  exhibit  a  s-'  .gle  k  a,  0 

optic  mode  which  shifts  linearly  with  the  concentration  x  from  the  fre¬ 
quency  (that  characterizes  pure  AC)  to  Up  (that  for  pure  BC).  The 
intensity  of  the  mode  remains  approximately  constant,  and  the  linewidth 
increases  and  peaks  near  the  center  (x  w  .5)  of  the  mixture.  For  the  se¬ 
cond  (Type  II)  behavior ^ ^ ,  the  mixed  crystal  exhibits  two  modes  which 


are  close  to  those  which  characterize  pure  AC  and  pure  BC.  The  intensity 
of  these  modes  varies  in  approximate  proportion  to  the  fraction  of  each 
component  present.  As  the  (molar)  concentration  x  increases,  the  inten- 
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sity  of  the  8C  mode  increases,  while  that  of  AC  decreases,  with  both 
shifting  slightly. 

The  experimental  observations  on  Raman  scattering  from  the  mixed- 
to) 

fluorites 'c'  represents  a  good  example  of  Type  I  behavior,  and  since  this 
system  constitutes  the  subject  of  the  present  study,  these  results  will 
be  described  in  more  detail  later.  A  good  example  of  Type  II  behavior  is 
represented  by  the  Raman  spectrum  of  Si1.xGex,  sho»;n  in  Fig.  1.1  (taken 
from  the  work  of  Feldman,  Ashkin,  and  Parker,  Fnys.  Rev.  Lett.  1£,  1209 
(1966),  Ref.  ll),  and  the  infrared  reflectivity  spectrum  of  CdS^_xSex, 
shown  in  Fig.  1.2  (taken  from  the  work  of  Verleur  and  Barker,  Phys.  Rov. 
155.  750  (1967),  Ref.  17). 

It  is  possible  for  some  modes  of  a  crystal  to  exhibit  a  behavior 
intermediate  between  types  I  and  II,  and  it  is  also  lOBsible  for  differ¬ 
ent  modes  of  the  same  mixed  crystal  system  to  display  different  behavior 
(10,18) #  The  theory  for  the  optical  phonon  properties  of  a  mixed  crys¬ 
tal  will  be  formulated  in  terms  of  "average  Green’s  functions,"  which 
will  be  described  later,  and  then  applied  later  to  calculations  for  the 
mixed-fluorite  system,  Ca^  SrxFg.  These  methods,  although  formidable 
to  apply,  are  useful  for  both  a  qualitative  and  quantitative  understand¬ 
ing  of  the  effects  of  disordering  on  the  optical  properties.  They  pro¬ 
vide  a  criterion  for  the  "virtual  crystal  approximation"  that  character¬ 
izes  the  linear  shift  (type  I)  behavior,  and  are  also  capable  of  explain¬ 
ing  the  "local  mode"  behavior  that  characterizes  type  IT  spectra. 

A  brief  outline  of  the  presentation  of  material  to  follow  should  be 
helpful  to  define  the  scope  of  the  present  study.  In  Chapter  II,  some 
elementary  topics  related  to  crystal  structure,  space  group  symmetry,  the 


300 


2» 


Frequency  Shift  (cm  ) 


Fig.  1.1:  Raman  spectra  of  germanium- silicon  alloys  for  several  compo 
sitions  (Tak.'n  from  the  work  of  Feldman,  Ashkin,  and  Parker 
Phys.  Rev.  Lett.  17_,  1209  (1966),  Ref.  11.) 
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1.2:  Experimentally  determined  far-infrared  reflectivity 
spectra  of  CdS1_xSex  at  15°K,  vith  E  llc-axis.  A 
smooth  line  was  drawn  through  experimental  points. 
(Taken  from  the  work  of  Verleur  and  Barker,  Phys. 
Rev.  750  (1967),  Ref.  17.) 
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reciprocal  lattice  and  Briluouin  zone,  e^c.  will  toe  reviewed,  with  the 
fluorite  lattice  as  an  illustration.  The  normal  inodes  of  a  crystal  lat¬ 
tice  in  the  harmonic  approximation  will  be  discussed  from  a  phenomenolo¬ 
gical  viewpoint,  in  order  to  provide  a  foundation  for  the  worx  to  follow. 
A  brief  qualitative  discussion  of  enharmonic  effects  and  mode  broadening 
will  conclude  this  chapter-  Chapter  III  will  be  devoted  to  a  development 
of  the  (classical  and  quantum  mechanical)  Green's  function  methods  that 
are  useful  for  treating  the  vibrational  impurity  problem.  The  interest¬ 
ing  "local  node"  and  "resonance  mode"  phenomena  serve  to  illustrate  the 
usefulness  that  Green's  function  methods  have  for  defect  lattice  dynami¬ 
cal  problems.  The  formal  properties  of  Green's  functions  are  review  _, 
and  their  physical  significance  illustrated;  it  will  be  shown  how  they 
arise  in  the  expression  for  thermodynamically  averaged  correlation  func¬ 
tions.  In  Chapter  IV,  it  will  be  shown  how  the  phonon  optical  proper¬ 
ties — Reiman  scattering  and  infrared  absorption — can  be  related  to  phonon 
Green's  functions.  Some  of  the  general  aspects  of  these  processes,  e.g., 
selection  rules,  will  also  be  discussed.  In  Chapter  V,  we  shall  take  up 
the  subject  of  disordered  systems,  with  a  brief  survey  of  the  variety  of 
methods  that  have  been  attempted  for  this  type  of  problem.  A  reasonably 
complete  discussion  of  the  failures,  successes,  and  usefulness  of  a  num¬ 
ber  of  approaches  will  be  presented,  and  a  number  of  the  results  reviewed 
The  description  of  disordered  systems  in  terms  of  average  Green's  func¬ 
tion  is  developed,  and  the  relatively  cumbersome  diagrammatic  techniques 
that  have  been  used  by  many  authors  to  calculate  these  average  Green's 
functions  is  replaced  by  a  simpler  differential  technique.  We  are  ulti¬ 
mately  interested  in  describing  the  effects  of  disordering  on  the  long- 
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wavelength  vibrational  properties  of  a  random,  mixed  crystal.  This  will 
require  the  calculation  of  phonon  ’'proper  self -energy"  functions,  as  well 
as  certain  unperturbed  phonon  Green's  functions  for  the  perfect  lattice. 
Finallj, ,  in  Chapter  VI,  we  present  the  experimental  observations  that  we 
have  obtained  for  Raman  scattering  for  the  mixed-fluorite  systems.  Based 
on  the  formalism  developed  in  Chapter  II-V,  theoretical  calculations  arc 
carried  out  (using  the  average  Green's  function)  for  the  Ca^_x8r?/2  sys¬ 
tem  and  compared  with  experiment.  These  calculations  are  based  on  a  rigid 
ion  model  for  CaFg  which  is  discussed  thoroughly  in  that  chapter.  8ome  of 
the  computational  aspects  of  this  type  of  calculation  are  so-aewbat  tedi¬ 
ous,  and  the  (grubbier)  details  (and  some  of  the  computer  program  listings) 
are  relegated  to  the  appendix. 


II.  NORMAL  MODES  OF  A  CRYSTAL  LATTICE 


2.1  Introduction 

A  brief  discussion  of  lattice  dynamics  in  the  harmonic  approximation 
will  be  given  in  Sec.  2.2,  and  some  of  the  notation  that  will  be  useful 
for  describing  lattice  structure  is  introduced  here.  Since  the  fluorite 
structure  is  the  object  of  the  present  work,  it  shall  serve  as  an  illu¬ 
stration  . 

A  perfect  crystal  lattice  is  considered  to  be  composed  of  an  infi¬ 
nite  number  of  primitive  ceils ,  each  of  which  is  a  parallelopiped  bounded 
by  three  non-coplanar  vectors  t-j_,  t2,  and  t^,  called  the  primitive  trans¬ 
lation  vectors.  Each  primitive  cell  will  be  assumed  to  contain  r  atoms, 
labeled  by  a  basis  index  K=l,  2,  3,  ...,r.  If  RK  denotes  the  rela¬ 
tive  location  of  atom  K  within  the  cell,  then  the  equilibrium  position 
of  any  atom  can  be  expressed  as 


(2.1) 


where  is  a  lattice  vector  consisting  of  integral  numbers  of  primitive 
translations  from  some  (arbitrary)  origin. 


=  i 


I'Z 


£3t3 . 


(? 


2) 


L  represents  a  triplet  of  integers,  { l X2,  £3).  The  crystal  can  be  de¬ 
scribed  as  consisting  of  r  interpenetrating  sublattices,  each  of  which 
possesses  translational  periodicity  under  the  lattice  vectors  R^.  Two 
atoms  of  a  lattice  will  be  said  to  be  equivalent  if  they  are  separated 
by  some  lattice  vector  — i.e.,  if  they  have  the  same  basis  index  k  . 
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Of  course,  identical  atoms  can  have  different  basis  indices,  as,  for  ex¬ 
ample,  the  two  fluorines  do  in  the  CaF2  structure. 

The  rotational  and  translational  symmetries  of  a  perfect  crystal  form 
the  operations  of  a^ace^.  Space  groups  are  special  cases  (i.e., 

P  »  of  the  general  group  of  linear,  inhomogeneous  coordinate  trans¬ 
formations, 

•  -4  ^ 

r'  =  «.r  +  v 

and  this  operation  is  conveniently  denoted  by  <«  |  7) .  The  group  of  trans¬ 
formations  (o <  |  7)  has  tvo  general  properties,  (i)  the  matrix  parts  a  of 
the  operation,  (  OC  |  7)  themselves  form  a  group,  and  (a)  the  pure  trans¬ 
lations,  which  are  of  the  form  (1  |7),  form  sn  invariant  subgroup.  A 
space  group  is  a  subgroup  of  these  general  coordinate  transformations,  and 
consists  of  all  operations  (S  |  t)  that  obey  further  restrictions,  First 
of  all,  the  rotational  operations  S  must  be  real,  orthogonal  matrices, 
secondly,  a  space  group  is  characterised  by  the  property  that  it  must  pos¬ 
sess  a  pjrticulsr  Cffie  of  invariant  subgroup:  all  of  the  pure  transla¬ 
tions  (1  U)  must  be  of  the  form  (1  |  S,,.  where  St  is  a  lattice  vector  de¬ 
fined  oy  (2.2).  Of  the  several  consequences  implied  by  these  two  restric¬ 
tions,  one  of  the  most  important  is  the  fact  that  the  rotational  parts  S 
of  a  space  group  must  form  one  of  the  32  point  groups. 

For  the  fluorite  structure,  the  space  group  is  O^-nsSm.  The  crys- 
consists  of  three  interpenetrating  face-centered  cubic  lattices,  and 
can  be  alternatively  pictured  as  a  cubic  lattice  of  fluorine  ion.  with 
»etal  **  ion,  l„  every  other  body-centered  position.  The  lattice  struc¬ 
ture  is  shown  in  Fig.  2.1.  In  terms  of  ctesian  unit  vector,  5,  J,  J, 
the  primitive  translation  vectors  are  given  by 


-12- 


■?l  =  r0(j+k),  t g  ~  rQ ( i  +  k ) ,  t3  =  rQ(i  +  3)  (2.3) 

which  defines  a  face-centered  cubic  lattice.  Thu  unit  cell  contains  r 
basis  ions — two  (inequivalent)  fluorines,  and  one  calcium.  We  can  arbi 
trarily  choose  the  basis  vectors  to  be 


Ca:  K  =  1,  R1  =  %rQ{i  +  3  +  k) 


(2.M 


where  rQ  =  a/2,  and  a  is  the  "lattice  constant"  (cf.  Fig.  2.1). 


Fig.  2.1:  Crystal  structure  of  the  (fee)  CaF2  lattice^  with 
the  primitiw  translation  vectors  t^ ,  t2,  t^  shown. 
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The  reciprocal  lattice  la  defined  in  the  uaual  way,  in  terma  of  a 
set  of  vectors, 


\  =  2nt2  x  t3 


2  nil 


a 

to  X  ti 


TC  ,  A  A 

— (-1  +  J  +  k) 

To 


-( 1  -  J  ♦  k) 


(2.5) 


a 


b3  ■  SnhJLh.  -  JL<  i  ♦  3  -*k) 

va 


where  v  =  2r  ^  \  T  . 

a  o  U1  x  V’S  ls  the  volume  of  the  primitive  cell.  The 
reciprocal  systems  of  vectors  satisfy  Sj.tj.  A  general  reii- 
ESSSi  lattice  vector,  h,  ,  ls  defined  t0  le  th„  m  of  lr]teger 


of  the  vectors  : 


hx  -  »,b,  +  ltb2  ♦  A3b3 


(2.6) 


where  \  denotes  a  triplet  of  integers,  (  *lt  Jj,*,). 

If  we  introduce  the  cyclic  Born-von  Karmen  boundary  conditions,  and 
assume  that  the  infinite  crystal  has  a  periodicity  of  0  for  each  of  the 
primitive  translations  t,,  or  tj,  then  there  will  be  a  total  of  K  - 

“e;tlt3  Pri"itl're  CeUs-  In  the  "»"‘l  “ay.  the  general  wave-vec¬ 
tors  k  which  label  the  irreducible  representations  of  the  translation 
group  for  the  lattice  are  defined  by 


*  =  ^(  A,b1  +  A^bg  + 


(2.7) 


where  (  X1,X2,X3)  are  integers.  The  first  Brillouin  tone  is  defined  to 
be  the  symmetrical  cell  in  reciprocal  space  which  contains,  in  and  on  its 
surface,  the  H  <-o3)  values  of  k  which  label  the  distinct  and  non-equiva- 


lent  representations.  The. e  are  two  relations  which  are  often  useful; 


and 


_L  v  ;?.c5e-Rj-)  . 

n  1 


fe')- 

e 


(2.8a) 


(2.8b) 


For  the  latter  relation,  we  have  tacitly  assumed  that  k  and  k*  both  lie 
in  the  first  Brillouin  zone;  in  general,  the  right-hand  side  of  (2.8b) 
would  be  S £  w^ere  K  is  some  reciprocal  lattice  vector  of  the  form 

(2.6). 

For  the  fluorite  structure,  a  k-vector  in  the  first  Brillouin  zone 
can  be  written 

**  sf-cv  V 

o 

where 

i)  Kx,  Ky ,  Kz  are  integers 
ii)  Kx,  Ky,  Kz  are  all  even,  or  all  odd 

(2.9) 

iii '  |KXI  ,  |Kyj,  |KZ|  <G 
iv)  (|KX|  +  | Ky|  +  |Kj  )  <  3G/2 

The  first  Brillouin  Zone  is  taken  to  be  the  familiar  truncated  octohedron 
that  characterizes  a  face-centered  lattice,  and  is  shown  in  Fig.  2.2.  Var¬ 
ious  points  and  lines  of  high  symmetry  have  been  labeled  according  to  tne 
standard  notation.  The  details  of  the  Brillouin  zone  structure  are  very 
important  in  later  calculations  of  phonon  Green's  functions  for  pure  CaF^. 


■15 


--41,1, 1) 


cro 


a:  -^2,0,0) 

cro 


K:  4~(3,3,0)  U:  jrJZ&M 

Zr. 

Fig.  2.2:  First  Brillouin  zone  for  the  (fee)  CaF2  lattice,  with 
points  and  lines  of  high  symmetry  (rQ  =  F-F  distance), 
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2.2  The  Harmonic  Approximation 

{23  26) 

There  are  many  good  sources v  on  the  general  topic  of  lattice 

dynamics,  but  a  short  summary  will  be  useful  as  a  background  for  the  la¬ 
ter  discussions.  The  treatment  here  will  be  phenomenological,  with  no 
attempt  to  describe  the  fundamental  electronic  interactions  which  are  re¬ 
sponsible  for  the  "force  constants"  that  bind  the  lattice  together.  This 

would  involve  a  discussion  of  the  Born-Oppenheimer  approximation,  which 

( 25 ) 

is  covered  in  more  detail  in  the  book  by  Born  and  Huang  . 

It  will  be  assumed  in  the  subsequent  development  that  the  introduc¬ 
tion  of  impurities  does  not  distort  the  lattice.  This  is  not  strictly 
true,  of  course,  but  the  assumption  can  be  justified — or  at  least  made 
plausible — by  pointing  out  that  lattice  distortion  effects  will  be  impli¬ 
citly  incorporated  into  any  realistic  model  of  the  lattice  and  defect  site 
For  the  discussion  of  dynamical  properties  of  the  crystal,  the  force  con¬ 
stants  are  the  fundamentally  important  quantities,  and  lattice  spacings 
do  not  appear  explicitly  in  the  results.  The  new  force  constants  that  re¬ 
sult  when  an  impurity  is  introduced  will  depend  on  both  distortion  and  on 
a  possible  change  in  the  fundamental  interactions  that  characterize  the 
impurity.  In  any  case,  both  of  these  effects  are  implicitly  incorporated 
when  the  force  constants  are  determined  from  experimentally  measured  quan¬ 
tities.  This  assumption  is,  in  fact,  always  made  for  this  type  of  problem 
since  it  desireable  to  be  able  to  continue  to  describe  the  lattice  at  equi 
librium  by  a  set  of  vectors  . 

If  the  atoms  of  a  general  lattice  (perhaps  containing  impurities) 
are  subjected  to  displacements  u(/£k)  from  their  equilibrium  positions, 
the  total  potential  <$  (which  depends  upon  all  of  tne  electronic  and  nu- 
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clear  coordinates  of  the  system)  will  change*: 


<1  =  5(£k,AV).  u(ZV^  4-  ... 

2 


where 


Ik,  iV 


$yp(XKl>tV') 


3*<P 


3  U-«(£iOdu£(jtV) 


(2.10) 


are  the  second  derivatives  of  cp  evaluated  for  the  equilibrium  configu¬ 
ration.  There  is  no  linear  term  in  u(fcx),  Bince  its  coefficient  would 
be  3cp/"J  u(£k) jo,  which  must  vanish  in  the  equilibrium  configuration, 
since  it  represents  the  force  on  atom  (tic).  The  firBt  term  for  c p  is 
an  unimportant  constant  which  can  be  discarded.  If  only  the  quadratic 
terms  in  the  displacement  are  retained,  the  vibrational  Hamiltonian  for 
a  general  crystal  lattice  can  be  written 


**  J  4-  vH  utfV)  (2.11) 

'*'*•  Xk.L'k' 

This  is  called  the  harmonic  approximation ,  and  leads  to  linear  equations 
of  motion  for  the  displacements , 


Ucci.t)  +  2.  o  (2-12) 

“  iv 

There  are  severed  general  properties  that  the  force  constants  ♦a^(  Jtic  ,£,  * k  * ) 
must  possess (26).  invarisuice  of  the  potential  energy  cp  under  rigid- 

body  translations  and  rotations  imposes  two  conditions  for  a  genered  lattice  • 

X  #sfj(*K,XV)-  0  (2.13) 

JL'k' 


t  Dyadic  quantities  will  be  denoted  by  a  viggly  line;  e.g.  S  represents 
a  dyad  (or  second  rank  tensor)  with  (cartesian)  components  SaS* 


X  §apiu,  r K")  RyCi-V)  =  X 

1"k"  XV  1 


(2.1U) 


It  follows  immediately  from  the  formal  expression  (?.10)  for  the  coeffi¬ 
cients  £k,£ic‘)  that  there  is  a  symmetry  under  interchange  of  sites: 


^oeft  ^  X.  K,  £  K.’  )  — 


(2.15} 


It  is  convenient  to  introduce  a  matrix  notation;  the  quantities  uot(£i;), 

»  Qa+i  Xk.  ,£V  )  can  be  regarded  as  the  matrix  elements  of  matrices  u, 
M,  and  $  in  a  crystal  lattice-site  representation ,  with  "basis  vectors" 


1  ; 


M  ^  (£<«)>  M  Xk  (  | 

£k<x 

=  X  I  £*«>  ^(JU^VK^V/S 

JLkoc 

I'k'P 

U  =  ^  U*(.ltc)  j  lK<X.y 


(2.15) 


(2.17) 


(2.13) 


The  basis  vectors  |  for  this  matrix  representation  satisfy 


\Ik0C  j  I'K'^y  — 

|  Xkoc Ka  j  —  1. 

Xkch 


(2.19a) 


(2.19b) 


The  Hamiltonian  (2.11)  becomes 


%  -  J-  uT  Mu.  4-  -  u.T  $  n 


(2.20) 
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ajnd  the  equation  of  motion  (2.1 2), 


M  il  -f-  u  s  0 


(2.21) 


ThlS  equation  characterir.es  a  system  of  harmonic  oscillators,  and  a  trial 
solution  of  the  for.  5(t)o,I0  a'1”*  vill  lead  to  an  eigenvalue  problem 
that  defines  the  normal  .odea  of  ohe  system.  The  eigenfreonencle,  are 
determined  froi  a  secular  equation, 


det  |  M  toz  —  $  j  —  0 


(2.22) 


which  can  be  written  in  terms  of  the  "dynamical  matrix".  D  -  jHsgM”**  as 


det  |  to1—  D|  =  0  , 

1  (2.23, 

In  terms  of  the  dynamical  matrix  D°  -  »„d  a  column  rector, 

Q  -  M„V  the  unperturbed  Hamiltonian  (2.U)  for  a  perfect  lattice  can  be 
written  in  matrix  form  as 


=  ^-QTQ  H-  ^gTD°q 

and  the  equation  of  motion. 


{2.2k) 


For  a  perfect  lattice,  there  are  several  further  restrictions  on  the 
*■«■>!■<')  that  are  imposed  by  the  invariance  of  the  lattice  under 
operations  of  the  crystal  space  group.  7-variance  under  primitive  trans¬ 
lations  implies  that  ix,  ,X  <')  can  he  a  function  only  of  the  differ- 
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ence  (F^  -  P ) : 

*'*')  =  $«A  <■'-')  (2.26) 

There  are  also  restrictions  on  £k  ,  Z'it;)  imposed  by  the  more  general 

rotation  operations  (S  j  t)  of  the  space  group.  Under  such  an  operation, 
every  lattice  :ite  (2k)  is  taken  into  some  similar  site  (LK): 

Rjx{.LK)=  ]T  Sjy  a  R/s  (£<)-+•  tjj. 

P 

The  operation  (S  \  t)  induces  a  transformation  of  the  displacements , 

u  — *■  (J  u , 

where  tJ  is  a  large  (3rN  x  3rK)  matr'x  that  describes  the  permutation  of 
sites  and  rotation  of  vectors  produced  by  (S  |  t).  If  d  is  pictured  as 
partitioned  into  boxes,  then  3x3  orthogonal  rotation  matrices  S  will 
occur  once ,  and  only  once ,  in  every  row  and  column  labeled  by  the  site 
indices  (2k).  That  is,  if  site  (2k)  is  taken  into  site  (LK)  under  the 
operation  (S  |  t),  then  ^LKa|  fc/  I  Zk^3^  =  ,  but  is  zero  otherwise. 

The  transformation  properties  that  the  matrix  elements  $aA(  £<  >  2V) 
have  under  an  operation  (S  |  t)  ate  derived  from  the  requirement  that  the 
potential  energy  must  be  invariant,  both  as  to  value  and  form,  under  such 
operations.  The  potential  energy  in  the  harmonic  approximation  is  a  quad¬ 
ratic  form,  u ,  and  its  invariance  under  the  space  group  of  trans¬ 
formations  (S  |~t)  implies  that  the  coefficients  2k,  £'k')  must  trans¬ 

form  like  a  second  rank  tensor.  Under  (S  |  t), 

iurf%  - ►  1 

z  z 
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and  since  the  displacement  column  vector  u  can  be  regarded  as  arbitrary, 

w/T$V  =  $° 

Thus,  if  sites  (/.,*,)  and  (X* Ka)  are  taken  into  (L^)  and  (LgKg),  then 

$ (  Li  K<  ,  L1K1)  $  ^iv  (£,  K, ,  X*  Ki )  Sjy.  (2.28) 

In  order  to  carry  out  the  reduction  of  a  specific  force  constsnt 
tensor,  it  is  necessary  to  consider  the  subgroup  of  operations  that 
(1)  leave  the  crystal  invariant,  and  (2)  leave  a  pair  of  sites  (X.K.)  and 
U*.Kt)  invariant  For  operations  (S  |  t)  e  &  ,  the  following  interrela¬ 
tion  among  the  element'  is  obtained 

§«,u.k,  ,/,«.)=  Z5«(15Avf;„(z,i(,>z,K,).  (a-29) 

These  conditions  are  useful  later,  when  they  are  invoked  to  simplify  the 
general  form  that  certain  force  constant  matrices  are  required  to  assume 
for  a  rigid-ion  model  of  CaFg.  In  some  cases,  other  physical  considera¬ 
tions  that  are  independent  of  the  symmetry  group  if  might  lead  to  further 
simplifications. 

The  determination  of  the  eigenfrequencies  from  the  secular  equation, 
det  |  u>z_  D°  |  =  0  (2.30) 

involves  the  diagonal! ration  of  the  3rN  x  3rH  matrix  D°,  but  the  exploi¬ 
tation  of  group  theory  can  provide  a  considerable  reduction  in  complexity. 
The  total  number  of  solutions  to  (2.30)  is  equal  to  the  total  number  of 


-22- 


degrees  of  freedom,  3rN,  but  a  significant  simplification  results  from 
the  fact  that  the  eigenstates  of  a  physical  system  must  transform  accord¬ 
ing  to  the  irreducible  representations  of  the  symmetry  group  for  that  sys¬ 
tem.  For  a  perfect  lattice,  the  symmetry  group  is  the  crystal  space  group, 

which  contains  an  invtriant  subgroup  of  pure  translations  through  the  lat- 

-♦ 

tice  vectors  R^. 

For  the  present,  we  shall  restrict  cur  attention  to  the  consequences 

( 27-30) 

of  translational  periodicit>  alone.  As  is  well  known  ,  the  repre¬ 

sentations  of  che  (abelian)  group  of  pure  lattice  vector  translations 
(1  |  Rj)  are  one-dimensional  phase  factors,  exp(ik-R^),  where  the  wave- 

•4  .  , 

vectors  k  are  defined  by  (2.7)  over  the  reciprocal  lattice.  A  reflection 
of  this  fact  is  the  general  rule  that  the  eigenstates  of  a  translation- 
“lly  invariant  system  consist  of  wave -like  excitations.  In  the  present 
case,  these  eigenstates  are  the  phonons,  and  the  parameter  k  has  the  phy¬ 
sical  significance  of  representing  the  phono,  momentum.  The  mathematical 
operation  of  Fourier  transformation  can  be  regarded,  group-theoretically , 
as  constituting  a  projection  onto  the  representations  characterized  by 
the  wave  vector  k.  The  operation  of  Fourier  transformation  will  have  the 
effect  of  partially  diagonalizing  the  Hamiltonian  H0  for  the  perfect  crys¬ 
tal,  and  it  will  reduce  the  secular  equation  (2.30)  to  a  block  form  in 
which  orthogonal  subspaces  labeled  by  different  values  of  £  ai  e  separated. 
The  reduction  to  block  form  greatly  simplifies  the  eigenvalue  problem, 
since  it  is  then  only  necessary  to  diagonalize  a  3r  x  3r  matrix  in  each 
of  the  subspaces  labeled  by  the  N  distinct  k-vectors  in  the  first  Eril- 
louin  zone.  Define  a  projection  operator. 
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eite^Tl 


(2.31) 


where  TL  is  a  unitary  operator  which  translates  the  lattice  sites  through 
the  vector  RL.  In  the  crystal  lattice  site  representation*  Tt  can  be  de- 

Jj 

fined  by  the  relations 


Tt  = 


Tl  1  l  <a  )  =  j  L-+-  L ,  Koc  y 

Tu  2_  U«x)>(£Ka|  =  Y.  I  *+L, 

t*<X  l  K(X 

tl*  = 

Tu"  -  T+  =  T_  L 


Ktf 


(2.32) 


It  is  easy  to  verify  that  the  operators  P~  satisfy  the  usual  rules  for 
projection  operators. 


Pg  Pg.  =  %  f,  j?.  PS 

(2.33a) 

IPIf-l 

(2.33b) 

E 

pf+  =  Pt 

(2.33c) 

The  relation  (2.31)  can  be  inverted,  using  (2.8a), 

~T  Y  a~  *  r, 

Tl  =  L  e  P£  (2.3U) 

IT 

and  expresses  the  decomposition  of  the  unitary  operator  into  a  sum  of 
projections  onto  the  orthogonal  subspaces  labeled  by  k.  The  eigenvalue 
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of  T^  in  tiie  subspace  k  is  expC-ik-R^) ,  and  this  can  be  expressed  as 
=  exp(-ik-RL^  p£.  In  the  crystal  lattice-site  representation, 

p]T  =  ^  I  I  Z+  L,  <«  > 

N  i*<* 

L 

which  can  be  written 

—  Z  I  fe,  <«X  £,  K.OC  I  , 

Ka 

where  we  taavt.  defined  a  set  of  vectors 

I  £,k<x>  =  ^Le^'X  e'^'IUo.) 

=1  Vn  €  PjJ  I  °  <a.y 

i 

These  vectors  satisfy  an  orthonormality  condition, 

{k,Ka|  k',  K'p/  — 

Thus,  each  of  the  orthogonal  3r-dimensional  subspaces  labeled  by  k  can 
be  spanned  by  the  orthonormal  set  of  vectors  j  k,  koc  ^> •  The  phase  factor 
exp(ik’RK)  was  included  arbitrarily  in  the  definition  (2.37)  to  conform 
with  usage  in  the  literature.  The  statement  of  dynamical  invariance  of 
the  lattice  under  a  translation  (l  1  RL)  can  be  expressed  mathematically  as 

tl  d°  V1  =  D°  (2-39) 

This  is  just  the  condition  D°^(  Z  k  =  D°^(  £+L,<;  i+L,K’).  Thus,  the 

dynamical  matrix  D°  commutes  with  the  operators  T^: 


(2.35^ 

(2.36) 

(2.37a) 

(2.37b) 

(2.38) 
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Tl  D°  =  D°  tl 


By  multiplying  (2.1*0)  by  exp(ik-RL)  and  summing 


we  obtain 


(2.1*0) 


over  all  lattice  site*  it  , 

L 


P?  D  =  D° 

K  k 


(2.1*1) 


ani  i  follows  from  (2.33a)  and  (2.33b)  that 


=  I  p£  D°  pjr 

k 


(2.1*2) 


Tims,  D°  can  also  to  decomposed  into  a  sue  of  projections  onto  the  »  dis¬ 
tinct,  orthogonal ,  3r  x  3r  suhspaces  labeled  by  the  vave-vector  k.  Eq. 
(2.1*2)  becomes 


D°  =  ZZ  I  Koc>  D*aC?I  KK'X  ie.K^I 


JP  mot 


where  we  have  defined 


(2.1*3) 


C  k  |  kk')  —  k,  ico(  |  D°  |  te,  k'/8^> 


(2.1*1*) 


l^(k|*CK')  is  Just  the  Fourier-transformed  dynamical 


matrix. 


D«;(iT|KK')=  z  e 


(2.i*-;) 


These  equations  hare  shown  that  D°  has  eigenstates  J  k,...>  vhlch  Can  be 
partially  labeled  by  the  moment™  7.  Ihe  reduction  cf  D°  to  block  fora 
(2-1.2)  cakes  it  possible  to  factor  the  secular  equation, 


*«  [ 1  -  £  1  =  V  d6t[’  -  ^4^]  - 0  <2-“6) 

There  are  also  rotational  symmetry  operations  for  D°,  and  a  further  char¬ 
acterization  of  the  states  |k,...^  could  be  discussed  in  terms  of  the 
representations  of  the  full  space  group.  This  would  involve  a  considera¬ 
tion  of  the  group  of  the  k -vector,  A’r,  which  consists  of  all  operations 

^ 

which  keep  k  invariant.  The  task  of  constructing  the  representations  of 
the  space  group  is  equivalent  to  the  problem  of  finding,  for  each  wave- 
vector  k,  all  of  the  irreducible  representations  of  ^he  factor  group, 
cf  ■£/'<$’£,  vhere  is  the  group  of  all  translations  (l  |"t)  for  which 

k’t  is  a  multiple  of  2tc^^*32).  When  k  =  0,  this  factor  group  becomes 
the  point  group  Of  the  crystal  class,  and  it  will  be  shown  later  how  group 
theory  is  used  to  classify  the  symmetry  of  the  k  =  C  modes  for  CaFg. 

For  CaFg,  the  space  group  is  0h^-Fm3m,  and  the  properties  of  the  ge¬ 
neral  representations  throughout  '•'he  Brillouin  zone  have  been  worked  out 
in  detail  by  Chen,  Berer.son,  and  Birman^  33 » ^  using  techniques  deve¬ 
loped  earlier  by  Birman  35)  for  symmorphic  space  groups.  We  need  not  go 
into  the  involved  subject  of  these  representations  here;  it  suffices  to 
notice  that,  for  every  wave-vector  k,  the  subspace  of  k  is  3r-dimensional, 
and  the  eigenstates  of  D°  can  be  denoted  by  I  k,<r^  ,  (X  =  1,  2,  ...,  3r. 

The  additional  knowledge  that  these  modes  must  transform  according  to 
specific  space  group  irreducible  representations  has  no  further  useful¬ 
ness  for  the  general  discussion  at  this  point. 

For  a  more  complete  discussion  of  space  groups  and  thei-  representa¬ 
tions,  reference  can  be  made  to  an  excellent  review  article  by  Koster^2), 
A  very  thorough  treatment  of  the  symmetry  properties  of  the  normal  vibra- 
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tions  of  a  perfect  crystal  has  recently  appeared  in  review  articles  by 
Maradudin  and  Vosko^^,  and  by  Warren^”^.  The  present  discussion  is 
limited  to  basic  results  that  are  dirt.*ly  relevant  for  this  work. 

Thus,  the  basis  vectors  in  each  of  the  N  distinct  and  orthogonal  k- 
subspaces  are  chosen  to  be  those  which  diagonalize  the  dynamical  matrix 
in  these  subspaces: 

D°|fetr>  =  |  tecr> 

(2.47) 

<,£er|  D°  =  <-0^  <£c| 


This  equation  defines  the  phonon  eigenmodes,  which  are  characterized  by 
a  momentum  k  and  a  branch  index  <T  =  1,  2,  3,...,  3r.  In  terms  of  the 
states  j  k<r)  ,  we  can  write 


Pf?  =  Z  feo'l 


D°  =  Z  I  kr;  Ufa.  <£<r  | 


(2.48) 

(2.49) 


te<r 


and 


(k<r  |  fe'er')  =  $ 


<nr 


(2.50) 


Let  us  define  the  relationship  between  the  set  of  eigenvectors  (k<r^ 
and  the  set  of  vectors  |k,K<x)  encountered  earlier  (and  which  also  span 
the  subspace  k).  If  we  use  (2.36), 


I  tec)  __  Pg  |K<r>  =  Z  Ite.Ka><te.ko(|  teff)  =  Z  w«cO<l  tea)  \  te.Ka) 

**  ROC 


(2.51) 
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where  we  define 


wot  Cx  i  k<r  )  =  (  te,  Ka  |  fecr)>  (2.52) 

The  quantities  w^iclkff)  represent  the  coefficients  that  allow  the 
eigenstates  Jk<r^  to  be  constructed  as  a  linear  combination  of  j k,Kct/  in 
the  subspace  k.  From  (2.51), 

D°  |  fe<r>  =  Z  D°|k,  k'/b>  w^Ck'I  Stf)  «*  IKo-)  (2-53) 

k'P 

Multiply  by  ^kjjcaj  on  the  left,  and  use  thf  definitions  (2.41+)  and 
(2.52)  tc  obtain 

Z  Cfe  I  KK')  Wj(k'  |£<r)  =  coj^  W^Kli^r)  (2.54) 

Equations  (2.36),  (2.48),  and  (2.49)  can  be  used  to  give 

Z  w*  Ck  I  ktr)  .  w  Cfc  |  £<r')  = 

K 

Z  I  ted)  wU'  I  ko-)  =  i  SKtt' 

t  - 

Ck  I  tc.-i')  =  Z^CtclkOaj^w^x'ifeo-) 


(2.55) 

(2.56) 

(2.57) 


Axl  that  remains  is  to  determine  the  transformation  properties  between 
the  basis  vectors  (Aitoi^of  the  crystal  lattice  site  representation,  and 
the  basis  vectors  )k<r^  of  the  momentum  space  representation: 


I  te<r') 


x 

Zki * 


Xkoc^  ^  Xkx  I 


(2.58) 
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The  transformation  function  <!k«  |Ea>  deperda  upon  R4 
phase  factor: 


only  through  a 


<*K«!H,r>=  <0K.lT/lEr>.  <0  K«  |  ko->  , 


an<i  (2- 37b)  can  be  used  to  give 


<£.k«|£o->=  VN  e~‘,'-R«  ^0k«  |  I<r> 


(2.60) 


By  definition,  the  left  hand  aide  of  (2.60)  la  aqua!  to 
the  transformation  function  <£i«*j£cr>  becc 


so 


oe comes 


(Ihctx  j  fecr)  =  -ji,  el>l*RlK 


7n 

Formally,  the  relationship  between  the 


WotCK.  |bcr) 


(2.61) 


two  choices  of  matrix  represen- 


ration  can  ha  sumaariaed  by  a  sat  of  equationa  that  define  the  Unear 
transformation  between  the  basis  vectors: 


-  3ST  I  e-‘ 


ik-  R. 


7n  4  p  . 


few 


WcT  Ulk<r)  |  kcr}  (2.62a) 


fe<r 


‘te-  Rln 


£k<x 


Wo<Ui^o-)  |£k<x)  (2.62b) 


In  effect,  we  have  carried 


out  a  linear,  unitary  transformation  of 
the  baala  vectors  U«a>  of  the  "crystal  lattice  aite"  rapraaant.tlon, 
to  a  set  of  baala  vectora  U<r>  that  diagonalize  the  dynamical  matrix  D° 

a-id  define  the  "momentum  apace"  repreaentation.  The  Hamiltonian  (2.25) 
for  the  perfect  crystal  can  be  written 
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:t0  =  iy  [  QI(MQU?<t)  +  co-^  QUkcr^QCteV)] 

2  so- 

(2.63) 

where  we  have  defined  Q(ka’)  to  be  the  matrix  element  k<r|  Q  of  the  (col 
umn)  matrix  Q,  in  the  momentum  space  representation, 

—  4  -  * 

Q(fe<0  =  <^<rlQ  -  ^j=  5-  e_lk‘^K  j  Q  (2.6i*) 

I  KOI 

Recall  that  we  defined  Q  =  M0  u,  so  that  Q  =  M  K?  u^IJEk).  3y 

making  use  of  the  inverse  relation,  (2.62a),  it  is  possible  to  express 
the  displacements  u^{^k)  in  terms  of  the  phonon  normal  mode  coordinates, 
Q(k<r  ): 

{L*)  —  .  nVl  X  e  tK  WB.(.K.|te<r)  Q(fe<x)  (2.65) 

(,NMKr  (Jo- 

If  we  take  the  matrix  element  (k<r|  of  the  matrix  equation  of  motion  (2.26), 
we  obtain  immediately  the  familiar  harmonic  oscillator  equations  for  the 
phonon  normal  mode  coordinates, 

•  • 

Q(fe<r)  v-  U)^  Q(.k<r)  =  O  (2.66) 

Equations  (2.61)  and  (2.62)  will  be  very  useful  throughout  this  work  for 
facilitating  the  transformation  to  momentum  space. 

Since  it  is  the  long -wavelength  optic  modes  of  a  crystal  that  are 
important  for  light  scattering,  we  shall  discuss  here  the  determination 
of  the  symmetries  of  tne  k  =  0  modes,  with  CaF2  as  an  illustration.  At 


■*>  *■ 

— ♦ 

k  =  0,  all  of  the  prinitivc  cells  of  a  perfect  crystal  lattice  vibrate 
in  phase,  so  any  two  atoms  which  are  equivalent  (i.e.,  separated  by  some 
lattice  vector  Rj )  must  have  the  same  instantaneous  displacements  in  those 
modes.  Thus,  the  most  general  k  *  0  displacement  can  be  comp.1  •'tely  de¬ 
scribed  by  r  vector  displacements,  v., ,  v0,  v_,  . . . ,  v  ,  corresponding  to 

i  d  j  r 

the  r  basis  indices  for  a  primitive  cell.  These  displacements  will  be 
periodically  repeated  throughout  the  crystal.  The  3r -dimensional  column 
vector, 


can  be  used  as  a  basis  function  for  the  3r  x  3r  reducible  representation 
that  determines  the  most  general  form  that  the  k  =  0  modes  can  have  under 
the  point  group  symmetry  of  the  crystal. 

This  representation  is  easily  constructed.  For  every  operation  of 
the  point  group,  similar  atoms  are  transformed  into  each  other,  but  the 
set  of  basis  indices  K.  =1,  2,  3,  •••,  r  can,  in  general,  undergo  a  per¬ 
mutation.  (For  example,  there  are  two  inequivalent  fluorines  in  the  pri¬ 
mitive  cell  of  CaFg,  and  under  some  operations  of  the  0h  point  group,  the 
fluorine  basis  indices  can  be  permuted.)  Furthermore,  all  of  the  dis¬ 
placements  will  be  rotated  by  a  three-dimensional,  orthogonal  matrix  S. 
Thus,  for  every  operation  of  the  point  group,  a  3r  x  3r  matrix  jJ  is  con¬ 
structed  by  placing  3x3  matrices  S  in  boxes  that  are  defined  by  the  per¬ 
mutation  induces  on  the  basis  indices.  For  example,  under  any  one  of  the 


,  and  the  matri  x 
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six  rotations  for  CaFg,  Ca  — »Ca»  F-j_ — -Fg,  Fg  — i ► 
that  represents  this  operation  is 


S(Cu) 

:  o 

i 

L_  _  _ 

!  o 

> 

jj  = 

0 

:  o 

i 

i  S(CU) 

l  0 

i  s(cu) 

T'o  7 

(2.67) 


The  set  of  matrices  J  form  a  3r-dimensional  reducible  representation 
that  defines  the  transformation  properties  of  a  general  displacement  v 
with  k  =  0.  The  character  of  some  operation  S  in  this  representation  T~ 
will  be  determined  by  the  number  of  times  a  3  x  3  rotation  matrix  S  ap¬ 
pears  as  a  diagonal  block.  I.e.,  if  is  the  number  of  basis  atoms  that 
remain  invariant  under  the  point  group  operation  S,  then  the  character  of 
the  representation  T  will  be  given  by 

Xr(S)  =  TrJ  =  nb  Tr  5  =  ±  nb(M-Zcos0)  (2.68) 

where  0  is  the  rotation  angle  of  3,  and  ±  is  used  according  to  whether 
the  rotation  i3  proper  or  improper.  This  character  can  be  decomposed  by 
the  standard  methods  of  group  theory  ^  ) ;  the  number  of  times  an  irre¬ 

ducible  representation  «  occurs  is  given  by 

"a  =  -  I  'Xr(5)  X*(S)*  (2.69) 

h  S 

where  h  is  the  order  of  the  group.  (The  method  described  here  is  based 
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/  -nfl  \ 

or  an  original  work  of  Wigner'  ,  who  first  discussed  the  -ormal  nodes 
of  symmetrical  systems . ) 

Fig  2.3  summarizes  the  character  of  the  k  =  C  displacements  for 
CaFgi  its  decomposition  into  the  irreducible  representations  of  the  0^ 
group  leads  to 

r  =  2Piu  *  F?g  (2-70> 


E 

8C3 

3C0 

£ 

6c„ 

> 

6c1} 

I 

8S3 

3cr 

6  a' 
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3 

1 

l 
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1 
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3 

3 
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-1 

1 

-3 

0 

1 

1 
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9 

0 

-3 

-1 

1 

-3 

0 

1 

O 

-> 

-3 

Fig.  2.3:  Character  table  for  k  -  0  modes  in  CaF0 

One  of  the  F  representations  corresponds  to  the  acoustic  phonon  branches; 
the  other  six  degrees  of  freedom  correspond  to  optic  modes.  Under  inver¬ 
sion,  Ca— *Ca,  F^— *  Fg,  and  Fg -*■  F.  .  Hence,  for  the  even  Fg^  mode,  the 
calciums  remain  stationary,  while  '•he  two  fluorine  sublattices  vibrate 
against  each  other.  For  the  odd  F^u  optic  mode,  the  fluorines  all  have 
the  same  cisplacement,  and  that  of  the  calcium  can  be  obtained  by  requir¬ 
ing  the  center  of  mass  to  be  stationary  in  such  a  mode.  The  (unnormalized) 
mode  vectors  at  =  0  are 


spectrum  of  CaFg  is  discussed. 
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2.3  Anharmonic  Effects 

It  ia  possible  that  the  harmonic  approximation  .fill  not  be  a  good 
description  for  a  perfect  crystal,  although  it  shall  be  used  throughout 
this  work  and  for  the  calculations  to  be  carried  out  later  for  t.he  mixed 
fluorite  systems.  The  phonon  normal  modes  have  been  obtained  from  the 
assumption  that  the  potential  energy  is  strictly  quadratic  in  the  dis¬ 
placements  from  equilibrium  of  the  atoms;  they  are  thus  exact  states 
of  the  Hamiltonian  m  the  harmonic  approximation,  and  are  therefore  inde¬ 
pendent  and  non-interacting.  As  was  shewn  above,  this  approximation 
leads  to  well-defined  dispersion  relations  between  phe  frequency  and 
momentum  of  the  normal  moles  of  vibration.  For  a  given  wave-vector  k, 
the  frequency  u)  of  an  excitation  is  infinitely  precise,  and  is  grven  by 

one  of  the  phonon  branch  frequencies  uJjtg.;  that  is,  the  spectral  con- 

■  ^  ^ 

tent  A(k,  to  )  of  an  excitation  with  momentum  k  is  a  delta- function, 

5  (to-  For  the  harmonic  crystal,  a  normal  mode  which  is  excited 

could  never  decay,  and  would  thus  have  an  infinite  lifetime. 

If  enharmonic  interactions  are  present,  these  phonon  normal  modes 
no  longer  represent  the  exact  eigenstates  of  the  vibrational  system. 
However,  if  the  enharmonic  forces  are  small,  it  is  still  meaningful  to 
describe  the  lattice  in  terms  of  these  modes,  although  they  become 
coupled  by  the  enharmonic  interactions  and  are  no  longer  independent. 
Anharmonic  coupling  can  thus  provide  a  mechanism  by  which  energy  can  be 
exchanged  between  the  modes  of  the  harmonic  lattice — i.e.,  modes  can 
decay  intc  each  other,  and  thus  acquire  a  finite  lifetime.  The  creation 


of  an  excitation  with  precise  wave-vector  k  in  such  a  system  will  con¬ 
tain  contributions  from  all  of  the  exact  eigenstates  of  the  system,  and 
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will  be  distributed  over  a  spectrum  of  frequencies.  Thus,  in  an  anhar- 
monic  crystal,  there  is  no  longer  a  precise  and  well-defined  dispersion 
relation  that  relates  frequency  to  momentum.  Even  with  enharmonic  in¬ 
teractions,  the  perfect  crystal  possesses  translational  periodicity,  so 
it  remeins  possible  to  characterize  the  excitations  with  a  wave-vector  k. 
However,  the  frequency  of  a  "phonon  mode"  with  momentum  k  becomes  "fuzzy," 
and  in  situations  where  enharmonic  forces  are  very  large,  the  concept  of 
phonon  modes  may  even  become  meaningless.  In  that  case,  the  problem 
vould  nave  to  be  formulated  in  terms  of  a  spectral  density  function  A(k,'^) 
for  each  wave-vector  k.  Loosely  speaking,  if  the  spectral  amplitude  of 
an  excitation  with  momentum  k  is  peaked  at  some  frequency  u)^  with  a 
veil-defined  (full)  width  F £•,  it  is  possible  to  retain  the  concept  of 

i*. 

"phonon"  as  developed  above,  by  incorporating  the  width  P^/2  with  ul- 
to  form  a  complex  f re  juency  U>£  ±  i  Tj/2. 

In  general,  the  most  elegant  mathematical  description  of  the  exci¬ 
tations  of  a  many-body  system  makes  use  of  quantum  mechanical  Green's 

(k:>) 

function  techniques,  and  Gillis,  Werthamer,  and  Fredkin'  '  have  attemp¬ 
ted  to  formulate  a  quantum  mar.y-boay  theory  of  lattice  dynamics  in  that 
way.  A  simple  discussion  of  how  the  spectral  amplitude  A(k,u>)  of  the 
excitations  of  a  system  can  be  related  to  the  Fourier  transforms  of  cer¬ 
tain  Green’s  functions  is  given  by  Nozieres^"^.  In  the  simple  case  of 
a  harmonic  lattice  that  we  shall  use  here,  the  phonon  modes  of  frequency 
and  momentum  k  are  non-interacting,  and  car.  be  characterized  as  the 
singularities  of  the  (k,u>)  Fourier  transform  of  a  classical  Green's 

function.  In  general,  the  methods  of  Green's  functions  span  a  wide  range 

(UO-Ub) 

of  sophistication,  and  in  many  applications,  can  become  quite  formal 
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To  include  arharmonic  forces  in  the  treatment  of  lattice  dynamics  is  a 
difficult  task  for  realistic  physical  problems,  and  generally  represents 
a  difficult  many -body  calculation.  Although  it  can  provide  no  informa¬ 
tion  about  the  broadening  of  the  modes,  the  harmonic  approximation  can 
usually  give  a  reasonably  good  description  of  the  vibrational  frequen¬ 
cies  of  typical  crystal  lattices.  Some  of  the  simpler  a.~'  .ets  of  the 
Green's  function  method  that  are  useful  for  a  discussion  of  the  optical 
properties  of  mixed  crystals  will  be  developed  in  subsequent  chapters. 

There  are  many  properties  of  a  perfect  crystal  which  are  not  ex¬ 
plained  by  the  harmonic  approximation  at  all — e.g.,  lifetimes  of  modes, 
thermal  expansion  and  conductivity,  temperature  dependence  of  some  phy-  . 
sical  quantities,  etc.  On  the  other  hand,  some  effects  may  depend  for 
their  existence  upon  the  assumption  of  anharmonic  forces,  but  in  fact  re¬ 
flect  properties  of  the  crystal  which  are  well  described  by  the  harmonic 
approximation — e.g.,  the  pnonon  sidebands  on  the  local  modes  induced  by 
U-centers  in  crystals.  (Of  course,  the  latter  effect  can  also  arise  from 
a  higher  order  coupling  between  light  and  the  electronic  structure — e.g., 

the  second-order  electric  moment. ^»^”50,59)j 

(51  52) 

Cowley  ’  has  discussed  the  effects  of  anharmonic  interactions 
on  the  lattice  dynamics  of  a  crystal;  in  these  review  articles,  the  mathe¬ 
matical  techniques  are  d-rveloped  and  applied  to  a  variety  of  optical,  ther- 

( \ 

mal,  electrical,  and  mechanical  properties.  MaradudinWJ/  has  discussed 
the  anharmonic  broadening  of  a  local  mode  induced  by  a  defect .  Other 
references  to  work  on  defects  in  anharmonic  crystals  can  be  found  in  the 
review  articles  by  Maradudin^  and  Elliott^-*?) . 


Ill.  THE  METHOD  OF  GREEK'S  FUNCTIONS 


3*1  Introduction 

In  this  chapter,  we  shall  develop  ‘‘he  basic  theory  of  classical  pho¬ 
non  Green's  functions  (and  their  relation  to  the  quantum  mechanical,  dou¬ 
ble-time  Green's  functions)  for  the  lattice  vibrational  problem.  There 
are  numerous  excellent  review  articles  or.  the  Green's  function  method^1’ 

54-60)  £or  problems.  Although  most  of  these^" >55-60 )  dre  re_ 

( 54) 

stricted  to  the  viDrational  problem,  Isyumov  has  discussed  the  impu¬ 
rity  problem  with  the  more  general  objective  of  showing  the  unity  that 
these  techniques  provide  for  vibrational,  electronic,  and  magnetic  sys¬ 
tems.  There  is  an  extensive  literature  on  the  application  of  Green's 
function  methods  to  electronic (^l-B.-)  an(j  ~?pnetic  (83-89)  impurity  prob¬ 
lems. 

The  formulation  of  the  phonon  problem  in  the  harmonic  approximation 
in  terms  of  classical  or  quantum  mechanical  Green's  functions  is  equiva¬ 
lent,  because  the  equations  of  motion  for  a  harmonic  oscillator  are  the 
same  in  classical  or  quantum  mechanics.  The  classical  Green’s  function 
approach  for  the  phonon  problem  is  limited  to  the  harmonic  approximation, 
since  the  classical  Green's  function  methods  are  typically  formulated  for 
systems  which  satisfy  linear  equations  of  motion.  For  calculations  that 
involve  anharmonic  effects,  the  quantum  mechanical  formalism  is  more  rea¬ 
dily  applied.  The  quantum  mechanical  formalism  is  also  especially  con¬ 
venient,  t'or  it  provides  a  relation  between  thermally-averaged  correlation 
functions  and  Green's  functions.  In  processes  such  as  Raman  scattering 
or  neutron  scattering,  the  physically  observable  scattering  intensity  or 
cross  section  can  be  related  directly  to  such  correlation  functions. 
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As  we  shc.ll  see  later,  an  essential  condition  that  is  necessary  for 
the  practical  application  of  the  Green's  function  method  to  Impurity  prob¬ 
lems  is  that  the  perturbation  caused  by  the  uefect  is  spatially  localized. 
When  the  theory  of  phonon  optical  properties  is  formulated  in  terms  of 
specific  Green's  functions,  it  will  become  clear  that  there  are  often  two 
separate  aspects  to  such  an  assumption. 

For  vibrational  properties,  the  assumption  of  only  a  simple  mass 
change  for  the  defect  is  often  inadequate  to  correctly  explain  experimen¬ 
tal  results,  and  changes  in  force  constants  must  also  be  included.  For  an 
isolated  point  defect,  the  totality  of  sites  that  are  affected  by  mass  and 
force  constant  changes  shall  be  called  the  impurity  subspace.  The  diffi¬ 
culty  of  carrying  out  quantitative  calculations  for  an  actual  crystal 
lattice  incrtases  rapidly  as  the  size  of  the  impurity  subspace  increases, 
so  it  is  often  desireable  and  usually  necessary  to  restrict  the  assump¬ 
tions  on  force  constent  changes.  In  order  to  make  a  problem  manageable, 
compromises  have  tc  be  made  that  will  provide  a  physically  realistic  model 
of  the  impurity  and  host  lattice,  and  simultaneously  keep  the  defect  space 
as  small  as  possible.  The  exploitation  of  symmetry  by  the  techniqi’.es  of 
group  theory  can  often  provide  great  simplifications,  but  even  then,  the 
inclusion  of  more  than  nearest-neighbor  force  constant  changes  generally 
makes  the  computational  problems  incredibly  difficult.  Thus,  only  a 
small  number  of  force  constant  changes  are  admitted. 

A  further  assumption  on  localizability  iz  involved  when  physically 
observable  quantities  are  expanded  in  terms  of  Green's  functions — e.g., 
by  mean3  of  coefficients  that  couple  light  to  the  lattice.  It  is  often 
necessary  to  make  the  assumption  that  these  coefficients  do  not  change, 
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or  change  only  locally  with  the  introduction  of  an  impurity.  This  will 
be  discussed  further  in  Chapter  TV,  where  the  theory  for  Raman  scatter¬ 
ing  and  infrared  absorption  is  given. 


3.2  General  Theory 

In  the  harmonic  approximation,  the  free  vibrations  of  a  crystal  lat¬ 
tice  not  driven  by  external  fields  satisfies  an  equation  of  motion  given 
by  (2.12).  It  is  convenient  to  introduce  a  classical  Green's  function  G, 
which  is  defined  by  the  equation  of  motion 


I  [  +  $«*(**,*•■■<")]  Gypuv',AV,  t) 

IV'  y 

=  —  Set)  w  S  KK'  (3.1) 


In  matrix  notation, 

[  M  ~  +  3?  ]  G  =  -  SCt)l 


(3.2) 


Where  it  exists,  the  Fourier  transform 

O O 

G(.to)  =.  j"  (.0 

_  co 

is  given  by 

G  (uj)-1  =  M  coz—  (£> 


(3.3) 


(3.4) 


The  eigenfrequencies  U)s  for  the  normal  modes  of  vibration  are  determined 
from  a  secular  equation. 


det  £  go  1  —  D  1  =.  det  det  M  =  O 


(3.5) 
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and  for  a  finite  crystal,  appear  as  simple  poles  of  G  along  the  real  axis 
in  the  (complex)  frequency  plane. 

So  far,  no  boundary  conditions  have  been  imposed  on  this  Green's 

function.  A  retarded  (or  causal)  Green's  function  G  (t)  is  defined  to 

— .  — — — —  r 

satisfy  the  equation  of  motion  (3.1)  subject  to  the  boundary  conditions, 

G  (t )  =  —  G  (t )  =  0,  t  <  0  (3.6) 

r  dt  r 

Likewise,  it  is  possible  to  define  an  advanced  Green's  function  with 

boundary  conditions  analogous  to  (3.6)  for  t  >  0.  For  a  system  with 

time-reversal  invariance,  G  (t)  =  G  (-t). 

r  & 

Formally,  the  inversion  of  the  Fourier  transform  (3.1*)  is  given  by 

OO 

(Er(t)  =  ~L  f  d.u)  e~ ‘wt  C M a)1—  §> )  (3.7) 

2n  J 

-  oo 

However,  G(co)  has  simple  poles  on  the  real  axis,  and  in  order  to  carry 
out  this  inversion,  it  is  necessary  to  make  some  prescription  for  integra¬ 
tion  around  these  singularities.  The  choice  of  integration  contour  that 
is  made  is  related  to  the  boundary  conditions  imposed  on  G(t).  For  a  de¬ 
scription  of  the  system  in  terms  of  retar  *  '  p  een's  functions,  Gr(t) 
vanishes  for  t  <  0,  and  for  advanced  Green's  functions,  Gft(t)  vu  'shes 
for  t  >  0  For  the  former  description,  it  is  necessary  to  integrate 
above  the  poles  of  G(u>),  and  for  the  latter,  below  the  poles.  Thus,  for 
example , 

OO 

Gr(t)  =  J-  (  dwc"wtG(w)  =  l»m  [  *«*»  <?rlu,tG( 

Urc  J  e— ►o*  J 

r 


(3.8) 


where  the  contour  V  is  shown  in  Fir.  3.1  below. 


Fig.  3-1:  Integration  contour  for  Gr(t) 

A  similar  result  holds  for  the  advanced  Green's  function  Ga(t),  for  which 
G(uj-ie  )  appe  rs .  These  rules  are  conveniently  summarized:  G(  to+ie  )  is 
us_d  for  Gr^a(-t-),  respectively,  when  the  transform  (3.M  is  formally  in¬ 
verted.  It  is,  of  course,  always  tacitly  understood  that  the  limit  *-0+ 
is  T.o  be  taken  in  all  of  the  final  results. 

For  a  lattice  driven  by  an  external  force,  F^C  £,K,t),  the  equation 
of  motion  is 


K,  d 

M  — - 
dtl 


+  j  •  u(t)  =  Fit) 


(3-9) 


The  response  of  the  T  ttice  can  be  expressed  directly  in  terms  of  the 
Green's  function: 


Ufyt) 


O0 

* 

dt'  G(t-  t')  F't') 

—  o o 
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The  use  of  the  retarded  Green's  function  is,  perhaps,  the  most  natural, 
since  this  description  preserves  the  cause -and-effect  order  of  stimulus 


and  response:  no  excitation  occurs  at  times  before  a  driving  force  is 
applied.  In  that  case,  the  lattice  response  is  given  by 


u(t)  = 


<U' Gr(t-t')  W) 


(3.11) 


The  causal  Green's  function  Gr(t)  shall  be  used  in  most  of  the  subsequent 
development.  No  consequence  of  physical  importance  can  depend  upon  this 
completely  arbitrary  choice  of  description.  For  a  coherent  driving  force 
of  the  form 

om 

=  (3,0.2) 


the  lattice  response  is,  from  the  rule  suggested  above, 

OO 

u(t)  =  |  dw  e",u,”&Cw4-ie).  FCco)  (3.13) 

The  ic  artifice  in  Eq.  (3-13)  is,  of  course,  just  a  symbolic  vay  of 
stating  that  the  u> -integration  is  to  be  carried  out  along  a  contour 
slightly  above  the  real  axis..  Note  that,  along  such  a  contour,  F(t)^  0 
as  t-#-®,  so  that  the  causal  description  is  consistent  wich  an  "adiabatic" 
(i.e.,  slow)  switching-on  of  the  interaction  in  the  distant  past. 

For  the  harmonic  lattice  (to  whi_h  we  shall  limit  the  present  work), 
it  was  possible  to  obtain  a  simple,  explicit  form  (3.U)  for  G(u>)  that 
was  analytic  everywhere  except  for  poles  on  the  reel  axis.  The  signifi¬ 
cance  of  that  statement  can  be  made  more  precise,  if  we  define,  for  com¬ 


plex  z. 


(3.14) 


—44  — 

&r,a(M=  j  dt  elit  CrY  CLU) 

—  oc 

If  we  assume  that,  the  inverse  tr-'-sform  G„  _foo)  exists — i.e.,  that  G  (z) 

A  >a  -  r,a 

exists  for  all  z  on  a  contour  (above  or  below)  and  infinitesimally  close 
to  the  real  axis — then  we  are  led  to  the  general  property  that  Gr(z)  is 
analytic  in  the  upper  half-plane,  and  G_(z)  in  the  lower  half-plane.  In 
general,  if  G(t)  is  defined  as 


G(t) 


r 


Gr(t),  t  >  0 

G  (t),  t  <  0 

a 


(315) 


then  the  Fourier  transform. 


G(z) 


=  « 


Gr(i), 


l.0aU)- 


Im  z  >  0 

Im  z  <.  0 
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is  analytic  throughout  the  entire  complex  frequency  plane,  except  for  the 
real  axis.  In  more  complicated  problems  involving  anharmonic  forces,  £q. 
(3-4)  no  longer  holds,  although  these  general  analytic ity  properties  con¬ 
tinue  to  be  valid.  If  the  modes  oecomed  damped  by  anharmonic  forces,  the 
singularities  for  Gr(z)  will  be  moved  off  of  the  real  axis  into  the  lower 
half-plane,  and  those  for  Ga(z)  to  tie  upper  half-plane. 

There  are  some  useful  relations  that  e._ist  for  G_  n(z).  First  of 

*  »» 

all,  the  rule  developed  earlier  for  specifying  the  contour  of  integration 
can  be  expressed  symbolically  as 


=  lim  G( toil  e  ) 
€  -»  0+ 


Gr.a'^) 


(3. IT) 


For  a  general  system, 


(3.18) 


and  for  a  system  invariant  under  time -reversal. 


Gr,a(z)  =  Ga,r^“z^ 


(3.19) 


The  latter  relation  and  the  definition  (3.16)  lead  to  G(z)  *  G(-z)  for 
systems  that  are  invariant  under  time-reversal.  Notice  that  the  result 
(3*10  for  the  harmonic  lattice  obeyed  this  requirement.  For  real  u)  , 
(3-18)  and  (3.19)  can  be  specialized  using  (3*1?)  to  give 


G(w+ie.  )  =  G( -  u>+ie  ) 


(3.20) 


G( oJ+i E  )  a  G(-a>+ie  ) 


(3.21) 


which  are  the  forms  encountered  most  frequently  in  the  subsequent  work. 

As  a  simple  example  that  will  motivate  the  use  of  Green's  functions 
for  later  discussions  of  phonon  optical  properties,  consider  a  classical 
linear  system  driven  by  a  random,  fluctuating  force  F(t).  The  average 
power  absorbed  in  such  a  system  can  be  expressed  as 


P=  <FCty  u(t)>=  -  j  di'<FCt)F(f)>.  i  (3.22) 


whe^e  the  brackets  <,  ^  represent  an  average  over  a  statistical  ensemDle 
of  systems.  For  the  variables  F(t),  u(t)  it  is  not  meaningful  to  intro¬ 
duce  the  Fourier  transform,  but  it  is  possible  to  define  the  Fourier  trans¬ 
form  of  the  correlation  function  R(t’,t)  =  <^F(t’)F(t)  )>  for  stationary 

random  processes.  In  that  situation,  the  correlation  function  R  depends 


pmm  . . . . itfmmmiim 
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only  upon  (t*  -  t),  and  if  we  define 


R(«0  = 


the  power  can  be  written 


dr  etuiX  <  FC-O  F(o)> 


i 

■Ztz 


dLuj(i<*>)  JLt'  e“"(t  ^ \ ■  F(t’)  F(t )  '>  G(u)-t-  *£) 

— 

am 

—  _i_  [  diu  (co  )  R(uj).  G (u>  +  i.e) 


J 


Since  R(-w)  =  R(u>),  G(-uH-i£  )  =  G*(ui+i£  }, 


P  =  _ 


TT  J 


[  d  to  co  R 


(uj )  £m  G(w-*-  ‘e) 


(3-23) 
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and.  the  spectral  power  density  becomes 


P(:*i\  =  —  —  liwi  R(oj)  Jm  G(<o»-  ) 

'  7T  e-»c>+ 


(3.25) 


This  simple  classical  example  is  an  illustration  of  the  usefulness  that 
Green's  functions  have  for  the  calculation  of  power  absorption  spectra 
in  physical  systems. 

Another  simple  example  is  provided  by  the  phonon  density  of  states, 
which  can  also  be  expressed  in  terms  of  the  imaginary  part  of  a  Green's 
function  evaluated  as  ur  approaches  the  real  axis.  It  is  easy  to  verify 
that,  if  a  new  (Green's)  function  H(t)  is  defined  as  h(t)  *  M  dG/dt,  and 
thus , 


H  (u>")  —  —  iu>  M  G(w) 


u> 


M 


~'/2 


to1—  D 


(3.26) 
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the  density  of  phonon  states  will  be  given  by 

pc  w)  =  -Ly  S(o 0-O)s)=  -^TrfMl«iG(W+iE)| 

3rN  $  3icr.J  *■  1 

=  -  =~r.  Re  Tr  (3.27) 

3tcvN 

When  a  more  general  approach  is  introduced  later  to  develop  the  Green's 
function  formalism  quantum  mechanically,  the  "conjugate"  Green's  function 
H  will  achieve  more  significance. 

For  a  perfect  lattice  with  translational  invariance,  the  Fourier 
transformed  Green's  function  is 


-»  Mo00l_  (3.28) 

In  terms  of  the  dynamical  matrix  D°  =  M0_i5  §j°  defined  in  the  earlier 

discussion  of  the  phonon  modes  of  the  perfect  lattice. 


G°(t*>  )  = 


(3.29) 


If  we  make  use  of  (2.33b)  and  (2.U8),  the  unperturbed  Green's  function 
G°  can  be  written  in  spectral  form, 


G°(w 


1  £<r^<fe<ri 


go  —  co 


-  ‘ 
I w 


(3.30) 


Then 


G^to)  \  £  K'fi\  — 


<*k«  |  ktrX'Etf  |  Z'k’4> 


(3.31) 


which  becomes,  after  inserting  the  expression  (2.6l)  for  the  transforma- 
tion  functions  <i*a(  |  , 
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^  — * 

1  V  Wo(C<i^O-)  W*(  K' |"£<r) 

NM*  ^  oo1  -  ajjff 


M 


*  (3-32) 


R' 


For  a  finite  lattice,  the  Green's  function  G°  has  poles  along  the 
real  axis  which  become  densely  spaced  as  K-*®  .  In  an  infinite  crystal, 
G°(u>  )  will  thus  be  analytic  throughout  the  entire  complex  frequency  plane 
except  for  branch  cuts  along  the  portions  of  the  real  axis  corresponding 
to  the  (positive  and  negative)  frequency  bard(s)  of  the  crystal.  This  is 
illustrated  in  Fig.  3-2  below  for  a  crystal  that  contains  only  one  phonor. 
band. 


I 

Complex  co  -plane 


-  U)*, 

I 


Fig.  3.2:  Branch  cut  for  G°(z)  in  an  (infinite) 
crystal  containing  one  phonon  band. 


Specifically,  if  u>  (  >  0)  is  iri  one  of  the  vibrationel  frequency  bands 
of  the  lattice,  then  the  Green's  function  G°(z)  will  exhibit  a  .jump  dis¬ 
continuity  as  z  crosses  the  real  axis  from  u>+i£  to  u)-ie  : 

Ga  C<u±  ie)  =  io^Cco)  +ihw(w)  (3.33) 

where  the  matrix  h^(<o  )  is  given  by 

=  TT  m;'*  SO1-  D#>  M0-,/2 


(3.3*0 
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with  the  matrix  S  ('■*>*-  D°)  defined  in  terms  of  its  spectral  representa¬ 
tion. 


$(u>“-_D°)  =  I  l^)S(«l-w?(r)<^)  (3-35) 


The  real  part. 


h^x^(co ) , 


is  given  by  a  Hilbert  transform. 


h0>(.w) 


.1  P  f 

K  J 

BANDS 


h<a>0) 

to*  —  go'* 


(3.36) 


/ 1  j  /  2 ) 

The  matrices  hVx'(o))  and  h'  ;(u>)  can  also  be  expressed  in  the  crystal 
lattice  site  representation  |  ,  by  the  rule  (2.6l)  given  earlier. 

Thus,  for  example. 


oj)  =.  <(**«  I  h^Cw-)  |  t'k'py 


Zr/  1  v  R/V 

S(ur-~aj£tf)  e 
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wmCk|  ka)w^C»<'lk<r) 

(3.37) 


Clearly,  if  to  lies  outside  of  the  phonon  frequency  bands,  the  imaginary 
part  h^(u>)  of  the  Green’s  function  will  vanish,  since  the  delta-func¬ 
tions  can  only  make  a  contribution  when  u>  is  in  a  band  of  phonon  frequen¬ 
cies.  Eq.  (3*33)  shows  that  the  imaginary  part  of  G°(z)  changes  sign  as 
the  branch  cut  on  the  real  axis  is  crossed. 

So  far,  all  that  has  been  emphasized  is  the  usefulness  that  Green’s 
functions  have  for  lescribing  the  response  of  a  lattice  to  an  external 
force.  However,  the  Green’s  function  formalism  also  arises  naturally  as 
the  most  convenient  mathematical  framework  for  studying  the  perturbation 
on  the  lattice  dynamics  of  a  crystal  containing  defects.  Their  usefulness 


for  expressing  concisely  the  coupling  of  an  impurity  site  with  the  rest 
of  the  lattice  will  become  apparent  shortly.  These  techniques  are,  there¬ 
fore,  ideally  suited  to  the  study  of  optical  properties  of  defects,  since 
Green's  functions  contain,  implicitly,  the  complete  information  about  the 
perturbed  eigenfrequency  spectrum,  and  represent  the  response  of  the  lat¬ 
tice  to  external  electromagnetic  fields  as  well.  In  principle,  the  de¬ 
termination  of  the  normal  modes  of  the  perturbed  lattice  would  provide 
a  complete  solution  to  the  impurity  problem,  although  such  detailed  in¬ 
formation  (even  if  it  could  be  obtained)  would  not  usually  be  of  direct 
usefulness  for  discussing  the  physically  observable  properties.  As  the 
simple  examples  above  have  suggested,  many  quantities  of  physical  inter¬ 
est  (such  as  Raman  and  infrared  spectra,  phonon  density  of  states,  etc.) 
can  be  related  directly  to  certain  Green's  functions.  In  the  next  sec¬ 
tion,  it  will  be  shown  how  Green's  function  methods  can  be  used  (in  the 
harmonic  approximation)  for  the  vibrational  impurity  problem. 

3.3  Lattice  Dynamics  of  Defects 

The  Green's  function  G(uj)  for  a  general  lattice  containing  an  ar¬ 
bitrary  configuration  of  substitutional  impurities  was  given  by  (3-k), 
and  this  can  be  related  to  the  Green's  function  G°(u>)  for  the  unperturbed, 
perfect  lattice,  Eq.  (3.28),  by 

+  v  0.36) 

where  the  defect  matrix  V  is  defined  by 
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(M-Mo)w1-  (§  -  §>°) 


(3.39) 


-51- 


Thus 

~  G*  (a*  )  ~~  V  G(u>) 

( 3  •  **0 ) 

&(<*>)  =  [l  +  G°CwW]’,G°(a») 

*  G°(u>)  ~  G-°(«Ov[  I  +-G°(««)v]’,G#Cw>  (3.U1) 

Klein and  Benedeh  and  Nardelli^5)  have  discussed  the  defect  problem 
from  the  point  of  view  of  phonon  scattering  and  the  T -matrix  (the  T-matrix 
in  (3.1*1)  is  V(l+G°V)_1  ).  In  principle,  Eq.  (3*l*l)  represents  the  solu¬ 
tion  of  the  problem  of  an  arbitrary  configuration  of  impurities,  although 
for  a  general  defect  matrix  V,  it  has  little  practical  usefulness  for 
providing  any  explicit  knowledge  of  the  nature  of  the  perturbed  modes, 
or  for  changes  in  actual  physical  quantities.  However,  if  we  restrict 
our  attention  to  the  problem  of  a  single  isolated  substitutional  defect 
in  an  otherwise  perfect  lattice,  it  is  possible  to  obtain  several  useful 
results  from  this  formalism.  Since  the  use  of  Green's  functions  for  im¬ 
purity  effects  on  lattice  dynamics  has  been  thoroughly  discussed  in  the 
literature,  particularly  in  several  excellent  review  articles ^ * 1 51*— ^ 
only  a  brief  account  will  be  given  here . 

For  the  vibrational  problem,  the  introduction  of  a  substitutional 
point  defect  will  involve  changes  in  the  mass  and  force  constants.  The 
situation  is,  of  course,  more  complicated  for  defects  such  es  molecular 
impurities,  or  interstitial  impurities,  since  extra  degrees  of  freedom 
are  added  to  the  problem' v  fj9o»97)  #  fhe  translational  symmetry  of  the 
perfect  lattice  is  destroyed,  and  the  normal  modes  can  no  longer  be  la- 
beled  by  a  wave  vector  k.  The  great  simplifications  that  translational 
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invariance  provided  for  the  reduction  of  the  secular  equation  to  the  3r  x 
3r  form  (2.5*0  no  longer  obtain,  and  all  that  remains  at  our  disposal  is 
the  point  group  symmetry  that  characterizes  the  impurity  site  and  the  sur¬ 
rounding  lattice.  For  the  problem  of  a  single  substitutional  impurity, 

the  exploitation  of  defect  site  symmetry  and  the  use  of  matrix  partition 

(57  95  98') 

techniques  ’  *  '  makes  it  possible  to  obtain  several  useful,  quanti¬ 

tative  results  from  the  basic  equation  ( 3 - *+l ) *  provided  that  the  space 
affected  by  the  defect  is  not  large.  Define 
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9  v 

G21  I  G22 

0 

(3.1*2) 


where  the  first  set  of  rows  or  columns  in  each  partition  refers  to  the 
impurity  subspaca.  If  there  are  a  total  of  n  sites  affected  by  the  intro¬ 
duction  of  an  impurity,  then  the  matrices  g,  g°,  and  v^  will  be  3n  x  3n. 
From  (3  *+0),  (3.**i),  one  can  show  that 

1(0))=  [  I  4-  Vo  3’1  (3.1+3) 


The  frequencies  of  the  perturbed  spectrum,  which  are  the  discrete  poles 
of  G  for  a  finite  lattice,  are  given  by  the  secular  equation,  (3.5)-  Since 


det  [l+  gVK]  = 


det  G  (w)-1 


ctet  M 
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it  follows  from  (3.5),  (3 .*+2)  that  the  solutions  to  the  equation 


det  [  1  4-  o)  v„]  =  0 


(3.4*0 
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will  give  the  frequencies  of  those  nodes  whi-' h  are  perturbed  by  the  intro  ¬ 
duction  of  the  impurity,  thus,  for  a  localized  defect  described  by  v  , 
the  problem  can  be  reduced  to  a  form  in  which  only  those  Green's  functions 
defined  for  the  (small)  impurity  subspace  are  involved.  The  way  in  which 
e.  defect  is  coupled  to  a  pure  lattice  i3  thus  expressed  concisely  in 
terms  of  the  Green's  function  formalism.  There  is  an  extensive  litera¬ 
ture  on  the  nature  of  the  solutions  for  (3.H4),  and  no  attempt  will  be 
made  here  to  duplicate  the  excellent  accounts  elsewhere,  except  for  a  few 
brief  remarks. 

It  has  been  well  known,  since  the  early  work  of  Lifshitz^9)>  Mon¬ 
troll  and  Potts^1®®),  and  others '•:l»101,102)  that  one  striking  consequence 
of  equation  (3.UU)  is  the  possibility  of  obtaining  "local  mode"  (or  "gap 
mode")  solutions  that  have  frequencies  outside  of  the  band(B)  of  fre¬ 
quencies  allowed  for  the  perfect  lattice.  When  a  defect  atom  of  differ¬ 
ent  mass,  and  perhaps  characterized  by  different  "spring  constants,"  is 
introduced  substitutionally  into  a  perfect  lattice,  it  may  have  vibra¬ 
tional  properties  considerably  different  from  those  of  the  host  atom  it 
replaces.  As  a  simple  example,  when  a  light  defect  mass  replaces  a  heavy 
mass  in  a  one-dimensional  chain,  e  mode  can  split  off  of  the  top  of  tae 
vibrational  continuum  to  produce  a  local  mode.  Because  modes  with  fre¬ 
quencies  outside  of  the  band(s)  are  not  propagated  by  the  perfect  crystal, 
these  so-called  "local  modes"  are  actually  characterized  by  a  high  degree 
of  spatial  localization  around  the  defect,  and  the  vibrations  of  the  atoms 
in  such  a  mode  fall  off  rapidly  with  distance  away  from  the  defect  site. 
Similar  effects  result  from  changes  in  the  force  constants .  In  three  di  - 
mensions,  there  is  generally  a  critical  value  for  the  mass  or  force  con- 


stant  change  tha  must  be  exceeded  in  order  to  produce  these  effects. 

The  in-band  modes  will  be  pert. arbed  only  slightly,  with  frequency  shifts 
of  order  1/N  in  the  quasi -continuum.  As  ->  oo  ,  the  change  in  the  band 
frequencies  will  approach  zero,  and  in  that  limit,  g°(c o  )  will  become  u 
principle  part  integral  (which  is  just  Re  gc(u)+ie  )).  Since  its  solu¬ 
tions  describe  only  the  perturbed  modes,  Eq.  (3.bh)  will  have  a  solution 
only  at  the  local  mode  frequency  in  that  limit. 

In  addition  to  local  modes  outside  of  the  band,  there  are  also  inter¬ 
esting  resonance  phenomena^ 1 <103-110 )  that  c£m  occur  inside  of  the  band. 

The  expression  for  many  physical  quantities  (that  can  be  related  to  the 
Green's  function  G)  will  contain  an  inverse,  (1  +  g°(uj+i£  )vq)  In¬ 
side  the  band,  the  imaginary  part  of  g°(u)+is)  is,  in  general,  non-zero, 
and  if  there  is  some  frequency  u)# inside  the  band  for  which  the  real  part 
of  det^l  +  g°(ujc+i  f.  )v  1  vanishes,  this  can  lead  to  a  resonant  behavior 
at  that  frequency  with  a  "width"  related  to  the  imaginary  part  of  g°(-u+ie)v0 

For  example,  if  a  sufficiently  heavy  defect  is  introduced  into  a  par- 
feet  lattice,  it  will  prefer  to  vibrate  at  a  lower  frequency  than  the  ty¬ 
pical  host  atoms,  and  this  can  resalt  in  a  low-frequency,  in-band  reso¬ 
nance.  Such  "resonance  modes"  have  often  been  loosely  characterized  as 
being  at  frequencies  where  a  local  mode  would  like  to  exist,  but  cannot, 
since  the  phonon  density  of  states  for  the  purs  crystal  is  non-vanishing 
there.  Such  a  ("quasi-local",  or  "virtual")  mode  would  be  able  to  decay 
into  the  continuum  of  neighboring  band  modes,  and  this  mecha.iism  would 
make  the  lifetime  finite  (or  equivalently,  give  a  "width"  to  the  resonance). 
In  contrast,  of  course,  a  true  local  mode  that  lies  in  a  gap  or  abeve  the 
maximum  frequency  of  the  unperturbed  lattice  is  all  by  itself,  and  is  un- 
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able  (in  the  harmonic  approximation)  to  decay  into  any  of  the  other  modes 
of  whe  lattice . 

Similar  phenomena,  such  as  Iojp.1  and  resonance  mode  behavior,  have 
been  discussed  by  Wolfram  and  Callavay^^,  Wang  and  Caller.'®^).,  Hone^®^, 
and  others  for  single  impurities  in  magnetic  systems .  If  impurities  are 
introduced  into  ferro-  or  antiferromagnets  described  by  a  Heisenberg  hamil- 
tonian,  the  situation,  is  analogous,  in  many  respects,  to  the  lattice  vi¬ 
brational  problem  in  the  harmonic  approximation.  At  low  temperatures, 
the  system  is  described  by  non-interacting  spin  waves  (magnons)  which  play 
the  part  of  phonons.  The  magnons  represent  wave-like  spin-deviation 
states  frcm  the  ground  state,  Just  as  we  can  consider  phonons  to  repre¬ 
sent  wave- like  displacements  of  atoms  from  an  equilibrium  configuration. 
(Spin  waves  are  discussed  in  Kittel^^^  and  in  a  review  article  by  Kran- 
kendonk  and  Van  Vleck^11^.)  The  ferro-  or  antiferromagnet  consists  of  a 
system  of  spins  localized  at  fixed  lattice  sites,  and  coupled  by  pairwise 
exchange  interactions.  For  the  perfect  system  (just  as  fcr  the  phonon 
problem)  t'ne  normal  modes  are  a  set  of  magnon  states  described  by  disper- 
sion  curves  giving  energy  versus  k.  Once  again,  defects  are  considered 
in  the  approximation  that  the  perturbation  they  produce  is  spatially  lo¬ 
calized.  In  the  lattice  site  representation,  this  means  that  the  change 
induced  by  the  impurity  on  the  exchange  coupling  constants  (which  are  ana¬ 
logous  to  "force  constants")  must  be  localized  near  the  impurity  site. 
Furthermore,  a  general  substitutional  impurity  can  also  involve  a  change 
in  the  spin.  Although  the  formulation  of  the  spin  problem  requires  the 
quantum  mechanical  Green's  function  formalism,  all  of  the  results  discussed 
above  for  the  lattice  dynamics  of  defects  have  their  counterpart  in  magne- 
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tic  systems.  As  would  be  expected,  it  is  possible  to  obtain  for  appro¬ 
priate  defect  parameters,  localized  inodes  outside  of  the  (magnon)  bands 
of  the  perfect  lattice;  it  is  also  possible  to  observe  "virtual"  or  "reso¬ 
nance"  modes,  with  finite  lifetimes,  within  the  band(s) (9°"53) . 

The  electronic  impurity  problem  for  a  substitutional  defect  was  first 
treated  by  Koster  and  Slater (6l),  and  it  has  also  been  discussed  by  Wolff (62j 
Clogston^63^ ,  Friedel(65)  and  others.  For  this  type  of  problem,  we  are 


interested  m  the  effects  of  a  highly  localized  impurity  potential  on  the 
wave  function  of  an  electron  in  an  otherwise  perfect,  translationally 
periodic,  crystal  field.  By  expanding  wave  functions  and  operators  in 
terms  of  Wannier  functions  (states  which  are  highly  localized  about  atomic 
sites)  it  is  also  possible  to  treat  the  electronic  impurity  problem  by 
Green's  function  methods  analogous  to  those  for  lattice  vibrations.  If 
the  perturbation  is  sufficiently  large,  electronic  bound  states  analo¬ 
gous  to  local  modes  can  appear  outside  of  the  energy  band(s)  for  the  pure 
crystal.  Elliott^5' ^  has  given  a  good  simple  example  to  illustrate  the 
electron  impurity  problem:  suppose  a  single  defect  is  introduced  at  the 
origin  of  an  empty  lattice",  described  by  a  single  band  of  free  electrons 
with  energies  E(k)  =  fi2k2/2m.  The  single  impurity  problem  then  consists 
only  of  the  defect  potential  at  the  origin,  and  all  that  is  required  are 
the  solutions  for  the  electron  wave  function  in  a  potential  well.  Cor.- 


sidei  an  impurity  potential  such  as  that  illustrated  in  Fig.  3.3  below. 

The  positive  energy  solutions  correspond,  by  analogy,  to  the  continuum 
band  modes  of  the  vibrational  problem,  and  except  for  an  asymptotic  phase 
shift  at  large  distances,  their  wave  functions  are  not  appreciably  altered 
from  the  free,  plane-wave  solutions,  except  in  the  vicinity  of  the  defect. 
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If  the  veil  is  sufficiently  complex  that  it  attempts  to  form  a  bound 
state  at  an  energy  of  one  of  the  continuum  states  outside  of  the  veil, 
then  a  virtual  or  resonance  state  vill  form  vhich  can  decay,  vith  finite 
probability,  through  the  barrier  and  into  the  potential-free  region.  The 
r"obability  density  of  a  state  vith  energy  vill  be  resonantly  enhanced 
i-i  che  region  of  the  defect  veil.  Likevise,  if  the  veil  is  deep  enough, 
it  can  form  true  bound  states,  vith  an  energy  Eq  outside  of  the  continuum 
energy  band;  such  a  state  is  analogous  to  the  vibrational  local  mode. 


Fig.  3.3:  One-electron  impurity  potential  for  the  "empty  lattice" 
vith  a  single,  substitutional  defect  at  the  origin.  E0 
represents  a  true  bound  state,  and  E^  a  virtuax  state. 


For  further  details  concerni  g  the  electronic  and  magnetic  impurity 
problems,  reference  can  be  made  to  the  literature,  and  especially  uo  the 
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review  article  by  Izyumov^^). 

Let  us  now  return  to  the  lattice  vibration  problem.  The  introduction 
of  a  single  isolated  defect  can,  under  favorable  conditions,  cause  one  of 
the  modes  of  the  perfect  lattice  to  split  off  from  the  continuum  and  form 
a  localized  vibrational  mode.  When  many  impurities  are  present,  they  can 
interact  (even  if  only  indirectly  through  the  intermediate  coupling  with 
other  host  atoms)  and  it  is  possible  to  produce  a  more  complicated  local 
mode  spectrum.  For  small  concentrations,  the  defects  will  be  far  apart, 
and  the  results  for  the  isolated  impurity  problem  will  be  adequate  for 
many  purposes.  However,  depending  upon  the  configuration  of  the  impuri¬ 
ties,  the  multiple  impurity  problem  can,  in  general,  become  very  complex. 
For  example,  the  localized  mode  structure  may  contain  many  components  from 
"islands"  of  adjacent  defects,  and  these  localized  cluster  effects  can 
become  important  for  some  problems  if  the  concentration  of  defects  is  not 
small.  Many  authors  have  studied  the  local  mode  structure  for  the  multi¬ 
ple-impurity  problem  exactly  for  simple  models  in  conjunction  with  the 
random  crystal  problem.  This  topic  is,  therefore,  properly  postponed 
until  Chapter  V,  where  we  will  discuss  disordered  lattices. 

3 • 4  Quantum  Mechanical  Double -Time  Green's  .  unctions 

/  I  \ 

Zubarev^  °'  has  given  an  excellent  review  of  the  theory  of  quantum 
mechanical  double-time  Green's  functions,  which  have  recently  been  used 
in  a  variety  of  statistical  mechanical,  impurity,  and  many-body  problems. 
As  we  shall  see,  one  of  the  basic,  simplifying  features  of  the  harmonic 
approximation  makes  it  possible  to  use,  equivalently,  either  a  classical 
or  quantum  mechanical  formulation  for  the  lattice  vibration  problem.  How¬ 
ever,  the  quantum  mechanical  framework  is  far  more  versatile,  in  general. 
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and  it  is  necessary  for  extending  Green 'r  ''unction  methods  to  magnetic 
and  electronic  systems,  which  carnot  be  described  by  classical  equations. 
Even  for  the  lattice  vibration  problem,  'here  a  classical  description 
could  suffice,  the  quantum  mechanical  formulation  has  many  advantages, 
for  it  expresses  results  as  thermally  averaged  correlation  functions. 

In  the  harmonic  approximation,  a  certain  quantum  mechanical  Green’s 
function  will  turn  out  to  obey  the  same  equation  of  motion  as  the  classi¬ 
cal  function  G,  introduced  earlier  in  Eq.  (3.2).  When  enharmonic  inter¬ 
actions  are  included,  the  classical  differential  equations  of  motion  for 
the  lattice  displacements  becomes  non-linear,  and  a  description  of  the 
system  in  terms  of  the  classical  Green's  function  G(t)  is  not  available. 

It  then  becomes  necessary  to  resort  to  the  more  general  quantum  mechani¬ 
cal  formulation  of  Green's  functions. 

Within  the  harncr.ie  approximation,  a  simple,  linear,  second-order 
differential  equation,  in  closed  form,  describes  the  time  evolution  of 
the  classical  Gieen's  function  G(t).  This  led  to  a  simple,  explicit  form 
for  the  Fourier  transform  G(uu  ),  given  by  (3.^).  The  preserce  of  anhar- 
monic  interactions,  which  requires  the  quantum  mechanical  formalism,  leads 
to  the  necessity  of  defining  an  infinite  heirarchy  of  Green's  functions, 
coupled  by  an  infinite  sequence  of  equations  of  motion.  For  the  quantum 
mechanical  Green's  function  G(t)  that  is  analogous  to  the  classical  one 
in  the  harmonic  approximation,  there  would  no  longer  be  a  simple  equation 
of  motion  in  closed  form,  and  it  would  no  longer  be  possible  to  obtain, 
simply,  the  Fourier  transform  G{oo).  Further  remarks  shall  be  made  at 
the  appropriate  places  below. 
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The  retarded  and  advanced  Green's  functions  (at  some  finite  tempera¬ 
ture  T)  for  two  Heisenberg  operators  A(t)  and  B^f)  are  defined  by 

GyS(t-t")  =  (3.1,5a) 

(3.1.5b) 

t  'T 

and 

f  GrAB(t),  t  >  0 

GAB  ( t )  =  «  ( 3 -l+5c ) 

G  AB(t ) ,  t<0 

L  a 

where  0(t)  is  the  unit  >.t  ip-function,  defined  by  9(t)  =  0  for  t  <.  0, 
and  0(t)  =  1  for  t  >0.  The  brackets  <.  ^  represent  an  average  over 
a  thermodynamic  ensemble  defined  by  a  density  matrix  pQ  -  e”  ,  where 
T  is  the  temperature  and  /l  =  1/kT.  I.e.,  for  c.n  operator  A(t), 

<  A(«.  i }  =  Tr  (poAttV)  ^  TV 

T  Tr  pa  TV  ( e~f'K) 

In  order  to  motivate  the  quantum  mechanical  definition  for  the  Gieen's 
function  given  above,  it  is  instructive  to  show  it  arises  naturally  in 
expressing,  to  lowest  order,  the  driven  response  of  a  system,  in  thermo¬ 
dynamic  equilibrium  at  temperature  T,  to  an  externally  applied  field.  I,et 
the  unperturbed  system  be  defined  by  *-he  Hamiltonian  dC  ,  and  suppose  that 
an  external  perturbation  is  applied,  which  couples  a  driving  force  F(t) 
to  some  operator  B.  It  "he  SchrBdinger  picture, 


H 


M  B-  FU) 
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In  the  SchrBdinger  picture,  the  state  of  the  system  (in  this  case,  e.g., 
described  by  a  density  matrix  p  )  evolves  in  time,  whereas  in  the  Heisen¬ 
berg  picture,  the  state  is  regarded  as  remaining  constant  (i.e.  j)*  ) ,  and 
the  dynamics  is  described  by  time  evolution  of  the  operators.  The  evolu¬ 
tion  in  time  for  an  operator  A(t)  is  described  by  a  unitary  transformation, 

A(t )  =  U(t)*  A  U(t)  (3.46) 


where 


t 

U(t)  =  exp  (-  i»t)  |  exp  -  i  j  8(0  F(t')  J 


(3.47) 


The  expression  on  the  right  contains  a  time-ordered  exponential,  (exp.,.)+, 
which  is  defined  formally  in  terms  of  its  expansion  by  a  rule  that  states 
that  all  operator  products  are  to  be  ordered  in  such  a  wey  that  later  times 
occur  on  the  left^11^.  The  operator  B(t)  is  given  b^ 

B(t)  =  eAp(i2£t)  B  exp(— t3€t)  (3-48) 

which  defines  the  interaction  representation  for  the  complete  system 
(including  the  perturbation).  Note  that  B(t)  is  Just  the  Heisenberg 
operator  for  the  system  without  the  perturbation. 

Then,  if  it  is  assumed  that  there  is  no  static  contribution  from 
Tr(p0A),  the  response  in  the  operator  A  due  to  the  coupling  of  B  with  an 

external  driving  force  F(t)  is,  to  lowest  order  in  F, 
t 

<ACt)>T  -  -  i  j  ([AC-fc),  BCO^FU’) 

—  00  QO 

=  |  4t'GrAV-t')F(t’) 


—  00 


(3.49) 
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If  the  time-ordered  exponential  in  (3-^7)  had  been  expanded  further,  higher 

order  terms  which  are  non-linear  in  the  driving  force  F  would  result.  Such 

terms  would  be  useful,  for  example,  in  obtaining  quantum  mechanical  expres- 

( ll' 

sions  for  the  non-linear  susceptibilities  in  optics  . 

For  the  case  of  an  external  field  of  frequency  u)  that  i s  switched  on 
"adiabatically"  (i.e.,  slowly)  in  the  distant  past,  given  by  the  real  part 
of 

Fw(t)  *  Fq  exp(-iwt  +  et), 

the  response  becomes 

^ A0fc)^T  =  7^a  {.u)  ■  Fo>Ct-)  (3.50) 


where 

XAB(u>)  =  GAB  C  w  *• E  ) 


(3.51) 


The  linear  susceptibility  is,  therefore,  just  tne  Fourier  transform  of  a 
double-time  Green's  function. 

AB 

The  equation  of  motion  for  the  Green's  function  G  (t)  can  be  obtained 
by  invoking  the  equations  of  motion  for  the  operators  A(t ),  B(t)  which,  by 
definition,  evolve  in  time  as  Heisenberg  operators  of  the  unperturbed 
system,  viz., 

A(t)  -  ei3et  A  (3-52) 


Then 


:  d/dt  A ( t }  =  [A(t ),?£], 


(3-53) 


which  is  the  familiar  Heisenberg  equation  of  motion  for  the  unperturbed 
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system  (i.e.,  with  no  external  driving  fields).  The  equation  of  motion 
for  G  (t;  becomes 

ii&rA,ct)=  Soto  <  [ac«,  bw])t 

+  i««)([[AM,3t],B(o)])  (3.5k) 

The  presence  of  the  $  (i)  allows  the  fir3t  term  in  (3.5*0  to  be  written 
as  an  equal-time  commutator,  S(t)(  Q  A(0),  B(0)  3  The  second  term 

on  the  right  is  a  new  Green's  function,  and  this  is  a  general  characteris¬ 
tic  of  the  quantum  mechanical  theory:  .successive  differentiations  will 
continue  to  generate  new  Green's  functions  on  the  RHS,  leading  to  an  infi¬ 
nite  heirarchy  of  coupled  equations. 

By  specializing  the  operators  A,  B,  the  quantum  mechanical  formalism 
could  be  applied  to  vibrational,  magnetic,  electronic,  or  other  systems. 
(For  the  electronic  Green's  functions,  anti -commutators  must  be  used.) 

In  the  present  case,  we  wish  to  discuss  the  vibrational  problem.  For  an 
arbitrary  crystal  lattice,  we  can  define  a  (retarded)  displacement-dis¬ 
placement  Green's  function  G,  and  a  momentum-displacement  Green's  func¬ 
tion  H  as 

=--  ie(t)([u«UK,t),  UAUV,0  )]N> 

t  'T 

H«pUK,IV;t)  -  U/iUV,0)])T 

where  p  (JlK,t)  =  M  ,  „  du  .(  JLk  ,t)/dt  is  the  conjugate  momentum  operator. 


(3. 55a) 

(3.55b) 


By  differentiating  once, 
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£Kl/V;t)  =  Hw/aC  in.A'K'-t)  (3.56) 

and 

C?*,  *'*'•,  t)  =  -r  S(i)  <(  [  0),  Ufl  (/'«;  o)]  ^ 

~  0t+)  (  [  [  p«U*,0,  0£]>  Ufc  (.*'«,  O)]  (3. 57) 

The  right  hand  side  of  (3-56)  contained  a  term  with  %(t)  which  vanishes 
because  it  included  a  £u,uj  commutator.  In  the  harmonic  approximation, 
the  right  hand  side  of  (3*57)  does  not  generate  any  new  Green's  function; 
in  fact,  it  reproduces  the  original  Green's  function  G.  By  invoking  the 
equal-time  commutator  relations, 

[I’-Ux.O,  =•  (3>58) 

it  follows,  in  the  harmonic  approximation,  that 

[  PotUK.tO,  di  =  —  Z.  ^«y  (*«,  XV)  t)  (3-59) 

iVy 

Eq.  (3*58)  and  (3*59)  can  be  used  to  simplify  (3-57) »  which  becomes 

J-j:  C  -V,  XV;  t )  ■—  -  SC-t)  SKlt'  ^xi' 

-  X  §wyC'^,^"K,')-0C6)<ruycrK",t)>u/3c^v>o)]\ 

jtVy  1  '  T 

(3.60) 

‘The  original  Green's  function  G  has  reappeared  cn  the  right  hand  side. 

In  matrix  notation,  (3.56)  and  i3.60)  become 

M^G  =  H 


(3.61) 
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d  H  =  -  IG-  -  S(t)i 

c-.t 


(3-62) 


By  differentiating  (3.61)  and  using  (3-62),  we  obtain  finally 


(m^j  +  §)&  -  -  sct)i 


(3.63) 


which  is  identical  to  the  equation  of  motion  (3.2)  for  the  classical 
Green'B  function  G  introduced  earlier.  Recall  that  H(t),  the  "conjugate" 
Green's  function,  occurred  earlier  in  connection  with  the  phonon  density 
of  states  (cf.  Eq.  (3.26),  (3-27)). 

With  the  inclusion  of  anharmonic  forces,  the  simple  form  (3-59). 
(3.62),  and  (3-63)  no  longer  hold.  The  presence  of  anharmonic  terms  is 
the  hamiltonian, 

=  ~r  uo(, 

°i«*.  ft, 

1 1  Xl#l 

+■  h  2_  ^Cnz.M)^C0uCi)  1113)^(4)  4-... 

«,i,m 

(3-6U) 

will  modify  the  commutation  relation  (3*59): 


7t~\  -  -I-  Z  $««,  U*>  l,  <.)  UXl  (Z, 
1 


*) 


X’<'  jr.ic.oe. 


(3-65) 
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Ths  equation  of  motion  (3*63)  is  now  replaced  by 


z 


^  Ik  il,  S  k,  —  -f-  ^oto,  ( ) 


ctt 


(s~7«(^(^i  *-£K  j  t)  = 


$kk'  “  £  £  ^oox.odU^,  <■,  ^Kx)  X 


i.K.tf, 


7  0^([  t^c*'0)]]>  +  ... 


(3.66) 


and  new  Green's  functions  occur  on  the  RHS .  The  calculation  has  imme¬ 
diately  become  a  more  complicated  many-body  problem,  and  requires  some 
sort  of  truncation  approximation  to  terminate  the  equations .  Since  the 
simple  closed  form  (3-63)  for  G(t)  is  no  longer  valid,  it  is  no  longer 

possible  to  use  the  simple  form  (3.4)  for  G(  «; )  if  the  harmonic  approxi¬ 
mation  is  abandoned. 

Frequently,  the  Fourier  transform  of  certain  thermally  averaged  cor 
relation  functions  of  the  form  RAB(t-t’)=  <  A(t  )B(t  ')>  T  appear  in 

the  treatment  of  physically  observable  quantities.  The  spectral  density 
function , 


dt  e  i”u*  <  ACtj  BO-)} 


(3.67) 


can  be  expressed  in  terms  of  the  Green's  functions  GAB(u>)  in  a  relatively 
simple  way.  Since  A(t)  =  exp(i?€t)  A(0)  exp(-i3tt),  it  is  possible  to 
exploit  the  formal  similarity  between  time  and  temperature  dependence  in 
the  thermal  average. 
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<BO)A«)>t_  ^  Tr|  eT^  B(o)e‘‘KtA(o)  e*i7et  }  (3.68) 

where  Z  =  Tr(e~^)  is  the  partition  function.  Simple  rearrangement, 
using  the  cyclic  property  of  the  trace,  leads  ti 

<B(o)A(0>t  =  <  A(t-  t/3)  B(o)>t  (3.69) 

so  that 


/  dt  B(o)])  -  (4  -  e~  ,  JA*(u,) 

oo 


Again,  the  i«  artifice  can  be  used  to  express 

OO 

|  ^  *“*&"(<)  (3.71) 

—  OO 

Subtraction  of  the  (two)  equations  (3. 71)  gives 

o» 

i[&  (u)+Le)-G*%>_ic)J  =  j  d.t  e^^CACt^BCo)]^  (3.72) 

—  OO 

vhere  the  relation  [e(t)  ♦  8(-t)]  •  1  has  been  used.  Combination  of 
(3-70)  and  (3.72)  leads  to  a  final  result  which  is  a  useful  relatlon^^ 
expressing  the  spectral  density  of  the  correlation  function  <A(t)B(0)>T 
in  terms  of  the  Green's  function  G^(u>): 


J  (“>)  —  *■  [  1  -+-  n  (uj)^  J,r«+  £  G-AB(u*-*-i,  t)  —  &AO(cu-it)J 

where  n(u>)  =  ~  l]-l  is  the  Bose  distribution  function.  It  is  pos 
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sible  to  express  each  of  the  Green's  functions  G  )  separately  in 

r  ,a 

terms  of  the  spectral  distribution  by  making  use  of  a  convenient 

representation  of  the  8(t)  step-function. 


0(t) 


=  nf 


duj ' 


,  —  iu>‘t 


u>'-4-  i.£ 


(3-7U) 


Then 


-±  -i-  f  f 

'»"•  2  it  )  co'4-ie  J  r 

-OO  -  OO 

which  can  be  reduced,  by  means  of  (3.70),  to  yield 

OO 

G ?’M  =  d-  *«-'C  -  **“) 

1  i.t'  -x,  • 


(3.75) 


uj  —  uJitt 


(3.76) 


The  formal  rule 


1 _ 

%  ±  i£ 


=  p(t)  tlcS(x) 


(3.77) 


can  be  invoked  to  express  { 3 - T6 )  explicitly: 

G-AB  —  P  f  «*«'0  -  e"pw‘)  JASC<U,)  +  i(l- e'^)TABC“) 

1  2tc  J  v  uj  —  Oi'  2v  ' 

(3.78) 

The  displacement-displacement  Green's  function  G  defined  in  (3-55)  can  be 
used  to  evaluate  the  Fourier  transform  of  a  certain  correlation  function 
that  will  occur  later  in  the  theory  of  first-order  Raman  scattering  from 
phonons : 

OO 

f  =  -2-fl-e^]'1  Im  G^(Jte,iV-,  a>+ie) 


(3.79) 


IV.  THE  PHONON  OrTICAO  PROPERTIES 


4.1  Raman  Scattering 

The  Raman  effect  is  an  inelastic  scattering  process  in  which  light, 
interacting  with  matter,  can  transfer  energy  to  (or  receive  energy  from) 
the  material  system.  In  the  present  case,  we  shall  be  concerned  with 
Raman  scattering  from  lattice  vibrations,  which  involves  the  creation  or 
destruction  of  phonons  when  light  interacts  with  a  crystal.  Raman  scat¬ 
tering  from  other  excitations — e.g.,  spin  waves (H**  »H5)  t  electronic 
states ^ ) ,  and  perhaps  plasmons^1!®) ,  etc. — is  also  possible. 

An  electromagnetic  wave  can  be  coupled  to  the  phonon  modes  in  a 
crystal  by  means  of  the  electronic  polarizability,  and  the  scattering  me¬ 
chanism  is  the  fluctuations  in  the  polarizability  that  are  induced  by  the 
lattice  vibrations.  Classically,  the  effect  can  be  pictured  as  radiation 
from  an  electric  dipole  that  was  induced  by  an  incident  light  wave,  and 
which  is  modulated  in  time  because  of  the  coupling  of  the  electronic  mo¬ 
tion  to  the  lattice  mode  oscillators.  If  we  neglect  the  effects  of  reso¬ 
nant  enhancement  that  can  result  when  the  incident  frequency  Is  near 
an  electronic  absorption  band  of  the  crystal,  then  the  Raman  effect  is 
not  sensitive  to  the  frequency  Loudon ^9)  has  recervtiy  given  a  com¬ 

prehensive  review  of  Raman  scattering,  and  several  other  authors  have 
treated^ 120-123)  specific  aspects  of  the  theory  of  RS  from  phonons.  Ex¬ 
cept  for  some  of  the  more  basic  details,  it  will  not  be  our  purpose  here 
to  develop  the  theory  of  RS.  It  will  be  shown  how  the  scattering  inten¬ 
sity  from  lattice  vibrations  can  be  related  to  certain  phonon  Green's 
functions. 

Since  energy  must  be  conserved  for  the  total  system  of  radiation 
and  matter  in  the  scattering  process,  the  frequency  of  the  scattered  light 
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is  either  decreased  (Stokes  component)  or  increased  (anti-Stokes  compo¬ 
nent)  by  an  amount  ioq, 

U)f  =  qp  UJ0 

where  'fic0o  is  the  energy  gained  or  lost  by  the  lattice.  The  present  work 
shall  be  restricted  to  the  first-order  Raman  effect,  in  which  a  single 
phonon  is  created  or  destroyed  in  the  scattering  process. 

The  wavelength  of  light  is  very  long  compared  with  typical  lattice 
spacings,  and  the  conservation  of  momentum  implies  that  the  phonons  ex¬ 
cited  in  the  first-order  Raman  effect  will  have  a  very  small  wave-vector 
k  relative  to  the  allowed  momenta  of  the  first  Brillouin  zone.  The  ap¬ 
proximation  can  be  made  that  k«Q,  and  the  first-order  Raman  spectrum 
will  exhibit  a  series  of  lines  that  correspond  to  certain  optical  phonon 
frequencies  at  the  center  of  the  Brillouin  zone.  There  are  also  selec¬ 
tion  rules  involved,  and  only  lattice  vibrations  having  certain  types  of 

symmetry  can  give  rise  to  first-order  Raman  scattering. 

(29) 

Group  theory'  7 '  provides  the  selection  rules  by  which  one  decides 
which  modes  are  Raman-active,  infrared-active,  or  neither  ("silent  modes"). 
Raman-active  modes  must  transform,  under  the  operations  of  the  crystal 
point  group,  like  a  second  rank  tensor  (i.e.,  according  to  representa¬ 
tions  with  x2,  y2,  xy,  etc.  basis  functions).  For  Raman  scattering  from 
phonons,  one  can  usually  assume  the  second  rank  tensor  to  be  symmetric. 
IR-active  modes  must  transform  according  to  the  representations  for  a 
polar  vector  (x,  y,  z  basis  functions).  If  every  atom  of  the  lattice  is 
at  a  site  of  inversion  symmetry,  all  k  =  0  phonons  will  have  odd  parity, 
and  there  can  be  no  first-order  Raman-active  modes.  If  the  point  group 


iitH'tnrmitnnfnriinimtmnnnTmnTTfTTmmTfiffT^RnmT^^HTlimtn 
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does  not  contain  inversion  symmetry  (at  any  site),  modes  can  be  simulta¬ 
neously  Raman-  and  IR-active,  and  special  complications  arise  because  of 

(25  39  119) 

the  long-range  electric  polarization  field  *  .  These  complications 

do  not  occur  in  crystals  with  a  center  of  inversion  symmetry,  for  which 
Raman-  and  IR-active  modes  are  complementary  and  have  definite  parity. 
Finally,  there  can  be  situations  where  it  is  possible  to  have  modes  which 
are  silent — i.e.,  neither  Raman-  nor  IR-active.  Loudon^^)  has  listed 
the  lorms  of  the  polarization  tensors  for  phonons  of  given  symmetries  that 
can  be  used  to  determine  the  effect  of  geometry  on  scattering  intensity. 

For  the  0^  point  group,  the  components  of  a  symmetric,  second  rank 
tensor  transform  according  to  (A^g  +  Eg  +  F2g),  and  those  of  a  polar  vec¬ 
tor  according  to  F^.  Thus,  the  F2g  and  F^u  optic  modes,  found  in  Sec. 

2.2  for  CaF2  at  k  =  0,  are  respectively  Raman  and  infrared  active.  A  ri¬ 
gorous  quantum  mechanical  treatment  of  the  combined  system  of  radiation, 
electronic,  and  vibrational  degrees  of  freedom  is  difficult,  and  not  al¬ 
ways  very  fruitful  for  obtaining  practical  results.  Loudon^"^)  and  Lax 
( l?U) 

and  Burstein  have  discussed  Raman  scattering  from  crystal  lattices 

in  terms  of  the  coupled  system  of  photons,  phonons,  and  excitons,  but 
since  explicit  knowledge  of  the  electronic  states  is  impossible,  most  of 
these  treatments  are  only  useful  for  a  formal  understanding  of  the  prob¬ 
lem.  For  the  first-order  Raman  effect,  involving  the  creation  (or  de¬ 
struction)  of  one  phonon,  there  are  several  combinations  of  intermediate 
interactions  between  these  three  coupled  systems  that  can  contribute  to 
the  scattering;  it  is  only  of  academic  interest  to  examine  the  elementary 
processes  individually.  For  most  purposes  (including  the  present  work) 
it  is  possible  to  adopt  a  semi-classical  approach  in  which  the  incident 


light  field  is  regarded  as  a  classical  source,  and  the  details  of  the 
electronic  states  of  the  system  are  lumped  into  certain  phenomenological, 
constants  that  characterize  the  polarizability.  The  description  of  Raman 
scattering  in  terms  of  the  polarizability  is  based  on  the  early  work  of 

Born  and  Bradburn(l25 ]  ,  and  has  been  expanded  into  a  ve  useful  formal¬ 
ism  by  Xinh^K 

An  incident  light  field  of  frequency  u,  will  induce  a  polarization. 


M, 


^  a)i)E^ («u)e 


—  i  u>;t 


( b.i ) 


where  the  electronic  polarizability  tensor  PaA  depends  upon  the  positions 
of  the  ions  u.(t),  and  upon  the  frequency  w..  It  is  tacitly  assumed  that 
the  frequency  of  the  exciting  light  co.  is  much  less  than  the  electronic 
transition  frequencies,  so  that  PwA  will  be  approximately  independent  of 

a  6328  A  helium-neon  laser  corresponds  to  an  exciting 
frequency  of  u»±  ^  1.96  ev. ,  compared  to  about  6  ev.  for  the  band  gap  n 
CaF2).  Furthermore,  since  the  frequencies  of  electronic  motion  arc  so 
high,  it  is  possible  to  regard  the  polarizability  as  a  parametric  function 
of  the  instantaneous  positions  of  the  nuclei.  This  "adiabatic  approxima¬ 
tion"  is  reasonable ,  because  the  vibrational  frequencies  are  so  low  that 
the  electronic  system  always  sees,  effectively,  a  static  lattice  with  the 
ions  in  their  instantaneous  positions.  Classically,  it  can  be  seen  that 
the  lattice  vibrations  will  induce  a  frequency-mixing  in  the  polariza¬ 
tion  M  (Eq.  (It.l))  when  P^  is  expanded  in  terms  of  the  displacements 
uUK,t),  which  were  given  by  (2.65)  in  terms  of  the  normal  mode  oscil¬ 
lators.  In  the  treatment  to  be  presented  below,  the  vibrational  part  of 
the  system  shall  be  treated  quantum  mechanically. 
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The  inten3ity  per  unit  solid  angle  of  the  scattered  radiation  i 
given  by^-'*"’  1 ) , 


is 


I ( LO)  —  Xj  no<  (w)  Ey  E 


•* 

s 


(4.2) 


where  n  is  a  unit  polarization  vector  of  the  scattered  radiation,  and  E 
is  the  (complex)  amplitude  of  the  electric  field  for  the  incident  radia¬ 
tion.  The  scattering  tensor  i  ^  >  ( to)  can  be  expressed  as  a  Four¬ 

ier  transform  of  a  correlation  function  of  the  electronic  polarizability. 


l“Y>PS  ^u>)  =  ~  etuJt  <(  Pps(-fc)  P^yCo)^ 


(4.3) 


where  (t)  is  a  Heisenberg  operator.  If  (t)  is  expanded  in  terms 
of  the  nuclear  displacements, 


R —  Rep  -+-  X  'UfiUK,-t)  -f  ...  (4.4) 

ILk/* 

and  substituted  into  (4.3),  the  first  term  of  (4.1*)  win  contribute  to 
Rayleigh  scattering,  the  second  term  to  one-phonon  Raman  scattering,  the 
next  to  second-order  Raman  scattering,  and  so  on.  For  first-order  RS, 


-  /_  P.y,r  Uk)  lrv  U«,  IV;  uj)  P,SiV  (XV) 


Xkm 
XV  V 


(4.5) 


where 


(t.6) 


and  has  been  evaluated  earlier  (cf.  Eq..  (3.79))*  Thus,  the  Ramn  scatter¬ 
ing  intensity  I ( wj )  can  be  related,  by  means  of  the  coupling  coefficients 
P  ,  (£«.),  to  the  phonon  displacement-displacement  Green's  function  G, 

discussed  earlier: 

ZnfiL'tc'v  *  ' H  •  1  ' 

X  ft*  Ey  E$ 

Eq.  (U.7)  is  a  general  result,  valid  for  an  arbitrary  lattice,  and  if  we 
define  a  column  vector  p^(  )  =  nu  ^  ILk  )  ,  it  can  be  expressed 

in  matrix  notation  as 

I  (u>)  ^  P  Im  GO-+-  ie)  P  (U.8) 

For  a  perfect  crystal,  the  coupling  coefficients  „  „  {  JLk.)  are 

-  <*/& ,  p- 

independent  of  the  cell  index  £  ,  and  will  have  certain  symmetry  proper¬ 
ties  determined  by  the  grou*  of  operations  that  leave  the  crystal  and  the 
site  K  invariant.  The  symmetry  of  each  site  x,  determines  the  form  of 
the  tensors  P®  „  ( k ),  and  provides  one  point  of  view  for  obtaining  the 

selection  rules  for  the  first-order  Raman  effect.  Since  K  )  is 

a  third-rank  tensor,  it  follows  that  P1^  K  )  will  vanish  if  K.  is  at 
a  site  with  inversion  symmetry.  In  particular,  if  every  atom  of  a  per¬ 
fect  crystal  is  a  site  of  inversion  symmetry,  then  all  of  the  first-order 
coupling  coefficients  P°^  k  )  must  vanish,  and  there  can  be  no  first- 
order  allowed  Raman  spectra. 

For  a  perfect  crystal,  the  sum  over  all  cell  indices  & ,  i‘ ,  in  (U.7) 
will  serve  to  project  onto  the  k.  =  0  modes  ■  Furthermore,  it  is  only  the 


i  > 


Raman-active  modes  that  are  selected,  because  of  the  structure  of  the 

coefficients  P°  (  x.  ) .  To  see  this,  we  shall  elaborate  somewhat. 

“P  >  r 

In  order  to  treat  a  slightly  more  general  situation,  suppose  that 
impurities  are  introduced  into  the  crystal  that  do  not  significantly 
change  the  P°-coefficients,  but  which  do  perturb  the  lattice  dynamics; 
the  phonon  spectral  density  will  then  be  characterized  by  a  Green's  func¬ 
tion  G.  Then 


I(u0~  p6  Im  G(u)-hLe)  p°  =.  Iwi  p°l  G-(u>-+-  i&)  p* 


(4.9) 


where  we  have  inserted  the  unit  operator,  1,  between  p°  and  G.  If  we  use 
the  Identity 


^  Z  wyul  kcr)<^<r| 


l  KU 
C<r 


(4.10) 


then  we  obtain 


Kw)-,  Z  '  **  W^C K '^)  P*U*/*><l?<r|  Im  G-(u>+-te)p# 

A.Kf 

Iff  (4.11) 

Since  the  coefficients  p°|/t<p.^=  p° (  k  )  characteristic  of  a  perfect,  lat¬ 
tice  are  independent  of  the  cell  index,  the  sum  over  X  in  (4.11)  can  be 
carried  out  to  produce  S  q,  which  confirms  the  above  assertion  that  there 
is  a  projection  onto  k  =  0.  (Of  course,  the  same  thing  happens  on  the 
RHS  of  G  if  a  similar  expression  is  inserted  between  G  and  p°.)  Hence, 

K«*>)  ~  Z  |  Pp  w^(k  1  £«=o,<r)  j  cr  |  Im  G(w-*-ie) 


Kfi<r 


(4.12) 


fThen  the  sum  over  K  is  taken,  the  quantity  in  brackets  will  vanish  for 
all  but  the  Raman-active  modes.  Ve  shall  illustrate  this  for  CaF,7 ,  which 
has  only  the  one  Raman-active  ?2g  mode.  Since  Ca-*-Ca,  F-j-^Fg,  and  Fg-*F^ 
under  inversion  (about  a  Ca  site),  it  follows  that 


P*^(Ca)  "  0 


«A^V11 


(F,  )  =  .-P 


(U.13) 


For  the  k  =  0  F  modes  in  CaFg,  the  fluorines  all  have  the  same  displace¬ 
ments;  for  the  Raman-active  mode,  the  two  fluorine  sublattices  have 
equal  and  opposite  displacements.  The  K  -sum  in  ( i* .12 )  will  therefore 
project  only  onto  the  k  =  0  Raman  mode.  In  a  crystal  such  as  CaFg, 
for  which  there  is  only  one  first-order  Raman-active  mode. 


X(u))  (  k  =  0,  cjj,  |  Xm  G(u>+  te)  |  k  =  0,0^^  (***lM 


This  equation  applies  to  situations  where  the  impurities  do  not  change 
the  P-coefficients .  For  an  imperfect  crystal  containing  defects  that  dif¬ 
fer  considerably  (in  electronic  structure)  from  the  host  atoms  the  re¬ 
place,  the  coefficients  P  .  (Lx.)  will  not,  in  general,  be  the  same  a3 

those  for  the  pure  lattice.  In  particular,  they  need  no  longer  be  indepen¬ 
dent  of  the  cell  index  2  •  Because  translational  symmetry  is  destroyed, 

it  becomes  possible  to  induce  scattering  from  modes  other  than  those  at 
•*> 

k  =  0.  For  example,  this  will  be  possible  when  impurities  are  added  to  a 
pure  host  which  has  nc  first-order  allowed  Raman  effect.  In  the  alkali 
halides,  crystal  symmetry  demands  that  all  P°  A 


(  K  )  vanish,  because 
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every  atom  tc  is  at  a  center  cf  inversion — there  is  thus  no  first-order 
RS  allowed.  The  introduction  of  a  defect--e .g. ,  a  U-center — will  lead 
to  a  new  set  of  quantities  P >  ^(X* )  which  depend  upon  l,  since  trans¬ 
lational  symmetry  has  been  destroyed  for  every  site  except  for  that  of 
the  impurity  center. 

To  calculate  the  RS  intensity  f i  om  a  single  defect  by  means  of  (I*. 7) 
would  require  knowledge  of  the  perturbed  Green's  function  G(u>+ie  )  for 
every  pair  of  lattice  sites  in  the  crystal.  For  a  general  defect  problem, 
it  would  do  little  good  to  assume  that  the  defect  matrix  vQ  is  highly  lo¬ 
calized  if  no  restrictive  assumptions  are  made  for  the  polarizability 
coefficients  ^(Xk).  Xinh^?)  has  treated  the  problem  of  RS  from 
U-centers  in  alkali  halides  by  assuming  that  the  defect  induced  P-coeffi- 
cients  are  non-~ero  only  in  the  localized  subspace  of  the  impurity,  so 
that  the  sums  over  (  Xk.  )  and  (  XV)  in  (U.7)  extend  only  over  sites  af¬ 
fected  by  vq.  Then,  all  that  is  required  is  g(u)+i£  ),  given  by  (3-1*3)  • 
For  a  perfect  lattice  containing  only  a  small  number  of  such  impurities, 
there  will  be  approximate  local  symmetry  about  a  defect  site.  It  is  then 
possible  to  simplify  the  k)  to  some  extent  by  applying  a  reduced 

symmetry  group  of  operations  that  leave  the  crystal,  the  defect,  and  the 
(nearby)  site  {Ik)  invariant.  For  a  good  discussion  of  the  simplifica¬ 
tion  of  i  _  (  uj)  ,  p  {Xk.  ) ,  a?l<i  other  analogous  quantities  by  sym- 

Oty  j  jOO  r*>f 

(117) 

metry  considerations,  reference  can  be  made  to  the  work  of  Xinh  . 

For  a  host  ir.  which  there  is  a  first-order  allowed  Raman  line,  the 
coefficients  ^.(  K  )  will  not  vanish,  but  will  have  a  structure  which 

projects  onto  the  k  =  0  Raman  mode.  The  introduction  of  impurities  into 
such  a  crystal  again  may  alter  the  structure  of  the  P's  in  the  vicinity 
of  a  defect,  but  the  strongest  part  of  the  spectrum  will  continue  to  be 


_7m_ 
i  w 

a  central  k  *>*  0  line.  If  we  define  p  ~  p°  +  op,  then  in  addition  to  the 
contribution  (h  9)  that  results  in  a  k  =  0  projection  due  to  p°,  there  may 
also  be  induced  scattering  from  the  fluctuation  term&'p: 

I  (u>)  'v-/  Im  |  p°  1  e  )  P°  -V-  p°G(w+  ’<.e.)Sp 

Sp  G(to4-ie) p°  -f-  Sp  Gr(to-t-  i.e)Sp  J  ( ^  - 15 ) 

The  important  thing  to  be  emphasized  is  that  the  spectrum  of  Raman 
scattering  from  phonons  depends  upon  a  combination  of  effects — lattice 
vibrational  characteristics,  and  electronic  polarizability.  If  the  im¬ 
purities  differ  mainly  in  mass  or  "spring  constant"  characteristics,  but 
are  not  very  different  in  electronic  structure,  it  is  reasonable-  to  as¬ 
sume  that  the  polarizability  coefficients  will  not  change,  or  will  change 
only  slightly.  In  any  case,  some  assumptions  about,  the  electronic  coup¬ 
ling  of  defects  (in  addition  to  those  about  the  mechanical  vibrational 
characteristics)  must  always  be  made  if  the  Raman  effect  is  to  be  used 
as  a  probe  of  the  lsttice  dynamics  of  crystals  containing  impurities. 

4 . 2  Infrared  Absorption 

There  are  several  excellent  references  that  treat  the  dielectric 
properties  of  matter.  Stern has  given  a  review  that  covers  the  gen¬ 
eral  field  in  great  detail,  and  Martin^*^  has  discussed,  in  particular, 
the  study  of  lP.ttice  vibrations  by  far  infrared  spectroscopy.  Kubo^1^1, 
Cowley > 51 ) ,  Maradudin^1 ) ,  Bilz^^),  an(j  many  others ^®»130,13l)  have 
used  the  Green's  function  point  of  view  to  treat  the  complex  dielectric 
constant  e(w),  from  which  the  absorption,  reflectivity,  and  other  quanti- 


can  be  con- 


ties  may  be  calculated.  The  review  article  by  Maradudin^'^ 
suited  for  many  references  to  work  on  impurity-induced  infrared  lattice 
absorption  in  crystals . 

In  the  present  situation,  we  are  interested  only  in  the  infrared 
absorption  from  optical  phor.ons,  and  shall  not  be  concerned  with  elec¬ 
tronic  or  other  effects.  We  shall  show  how  it  is  possible  to  express 
the  frequency-dependent  dielectric  constant  e(w)  in  te:rms  of  the  phonon 
Green's  function  discussed  earlier,  just  as  was  done  for  the  Raman  scat¬ 
tering  intensity  in  the  previous  section.  The  reflectivity  at  normal 
incidence  is  usually  the  experimentally  measured  quantity,  unless  very 
thin  samp3.es  are  available  for  absorption  measurements.  The  reflecti¬ 
vity  can  be  obtained  from 


(U.16) 


When  far-  infrared  radiation  impinges  on  a  crystal,  it  interacts 
strongly  with  only  those  transverse  optica]  phonon  modes  near”  k  =  0 
which  posse  s  an  electric  dipole  moment.  Although  en  accurate  treatment 
of  the  interaction  requires  a  redefinition  of  the  normal  modes  of  the 
total  system  of  vibrations  and  radiation  (cf.  discussion  in  Sec.  6.2, 

§3)  we  can  begin  to  di  cues  the  problem  in  the  limit  that  the  electric 
dipole  moment  for  these  modes  is  vanishingly  small.  In  such  a  process, 
energy  is  conserved,  and  the  absorption  of  light  energy  is  accompanied 
by  the  excitation  of  a  phonon,  but  with  no  change  in  the  electronic  state 
of  the  system.  The  it  a.  0  selection  rule  will  be  relaxed  if  impurities 
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are  introduced  into  the  crystal,  and  then  light  will  be  able  to  interact 
with  other  polar  modes  of  the  (imperfect)  lattice.  For  a  perfect  crys¬ 
tal  without  phonon  damping  processes  (i.e.,  in  the  harmonic  approximation) 
the  so-called  reststrahlen  bands  are  6-functior.  absorption  peaks  at  the 

4 

k  =  0  TO  modes  which  have  vector-like  symmetry. 

Assume  that  a  (long-wavelength)  light  field,  turned  on  adiabatically , 
interacts  with  the  electric  dipole  moment  M  of  a  crystal  lattice: 

H'  -  -  M*E  exp(-iwt+et) .  (U.17) 


This  perturbation  is  of  the  same  form  as  that  considered  in  Sec.  3*^> 
and  leads  to  a  response  function  Xag(“)  for  <  M  (t)  >  which  can  be  ex¬ 
pressed  (cf.  Eq.  (3.50),  (3.51))  as  the  Fourier  transform  of  the  Green's 
function  G^(t)  between  two  M-operators : 


<  M  (t) 
a 


Eg  exp(-iut+et) , 


where 


X^Cw)  -  t  j  dt  MA(o)]>Texp[i(u>-Hi,e)t]  (i*.i8) 

o 


The  electric  dipole  moment  K  can  be  expanded  in  terms  of  the  ionic  dis¬ 
placements. 


M#(t)  =  2  KpUK.t)  4- 

&K\i 

J  X  ^oc^v  UK,*. V)  4-... 


(U.19) 
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The  first  order  coefficient  (for  the  linear  term)  has  the  significance 

of  representing  an  effective  charge  tensor,  and  for  one-phonon  absorption 

processes,  this  is  the  important  term.  Just  as  for  the  force  constants 

)  and  'the  electronic  polarizability  coefficients  P  „  ( £tc ) ,  the 

w  Ctp,P 

coefficients  M.  (£».)  for  the  first  order  electric  moment  induced  by  lat- 
ct  »u 

tice  displacements  will  satisfy  various  symmetry  conditions ^ .  There 
will  be  the  rigid-body  conditions  analogous  to  (2.13)  and  (2.1U)  for  an 
arbitrary  lattice,  and  the  more  stringent  tensor  transformation  relations 
analogous  to  (2.28)  ror  a  perfect  lattice.  In  some  cases,  it  is  also  pos¬ 
sible  to  invoke  site  symmetry  about  a  defect,  Just  as  for  the  P-coeffi- 
cients.  If  only  the  first  order  electric  moment  is  retained,  then  inser¬ 
tion  of  (U.19)  into  (U.l8)  gives  the  one -phonon  contribution  to  the  far- 
infrared  dielectric  constant.  The  susceptibility  Xae(“)  becomes 


I  G(w-t-ie)  j  ZYv^i^v(£k')  (1+.20) 


For  the  perfect  crystal,  the  coefficients  ^Ca<lJ(<)  are  independent  of  the 

cell  index  £,  and  because  we  have  again  summed  over  £,  £.'  (Just  as  in  Eq. 

(U.7)  and  following  discussion)  the  expression  (U.20)  vill  lead  to  a  pro- 

-► 

Jection  onto  the  k  -*•  0  modes.  However,  the  limit  as  k  -*■  0  of  the  phonon 
Green's  function  is  not  uniquely  defined  for  modes  that  have  an  electric 
moment  (this  is  related  to  the  fact  that  D°(k)  has  a  term  fiat  looks  like 
(3  £2  “  l)  as  h  ■+  0,  which  will  be  discussed  in  Sec.  6.2,  §3).  There  will 
be  a  dependence  upon  the  direction  of  approach,  but  only  insofar  as  this 
direction  fixes  the  definition  of  "longitudinal"  and  "transverse."  The 
limiting  singularities  of  G  are  well-defined,  of  course,  but  they  are  split 
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into  transverse  and  longitudinal  branches  because  of  the  macroscopic  elec¬ 
tric  field  that  is  associated  with  the  longitudinal  wave  (this  phenomenon 
is  discussed  in  more  detail  in  Sec.  6.2,  §3).  The  susceptibility  xaS(k+0,w) 
can,  in  fact,  be  expressed  as^ 


x«*(E- 


co)  = 


X  (w)  -f.  [Sag  —  I?*  k^]  xT(“>)  ( U . 2i ) 


There  are,  therefore,  two  scalar  susceptibilities,  xTU)  and  xL(co),  which 
measure  the  response  of  the  lattice  to  transverse  and  longitudinal  elec¬ 
tromagnetic  fields,  respectively.  It  is  the  former  quantity  that  is  of 
interest  for  the  optical  properties,  since  the  electric  moment  vector  M 
is  coupled  to  a  transverse  electric  (radiation)  field  in  (4.17),  It  is 

only  the  transverse  optic  phonon  modes  that  can  contribute  to  the  lattice 
absorption. 


1  -*■  4- 
-  <  E-M  > 

2 


w  Im  xTU)  | E(u>)  |  2 


and  it  will,  moreover,  be  only  the  transverse  lattice  susceptibility  xT(w) 
that  contributes  to  the  optical  dielectric  constant  c(w),  which  is  used  in 
(4.l6)  to  calculate  the  reflectivity.  In  matrix  notation,  (4.20)  would  be 
written  as  XaB(<«)  =  ^aG(w+ie )  M  8 ,  where  the  first  order  coefficients  have 
been  made  into  a  column  matrix  with  <  UV\jCa  =  *  U«).  For  the 

situation  where  the  coefficients  <>y(<)  are  those  of  the  perfect  lettice, 
it  will  be  only  the  transverse  IR  modes  (as  we  would  expect)  that  are  se¬ 
lected  by  the  sum  in  (4.19);  we  can  insert  a  (matrix)  factor 
between  and  G, 
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Wu)  = 


*a° 


G(u+i£)Xg 


and  again  use  the  identity  (4.10)  to  obtain 

~  ^o  /2I£k^>  e1^’^  M^GCo)*  is)x!  . 

P 

teo- 

Because  -*£°  Mo—i£[  (icJ/M^  is  independent  of  the  cell  index, 

we  can  again  sum  over  £  to  obtain  a  5+  ^  which  accounts  for  the  (LHS) 

•+ 

projection  onto  k  =  0: 


Kf *<r  J 


(it. 22) 


When  the  sum  over  £  is  taken,  the  structure  of  the  coefficients  X°  y(ic) 
will  have  the  effect  of  cancelling  all  but  the  optic  modes  with  polar 
symmetry,  since  the  expression  in  brackets  is  Just  the  dipole  moment  of 
a  unit  cell  generated  in  mode  a.  The  situation  is,  therefore,  completely 
analogous  to  that  for  Raman  scattering,  where  the  sum  (4.12)  led  to  a 
projection  onto  the  k  =  0  Raman  mode.  We  shall  again  illustrate  for  CaF,, 
Under  inversion  (about  a  Ca  site),  Ca  Ca,  -*•  Fg,  and  Fg  ■+■  F^,  and 
since  ^(*0  is  a  second  rank  tensor,  it  will  be  even  under  inversion. 
Thus , 


M 


S.iW  -  *a,p 


(F?) 


(4.23a) 


and  the  tensor  for  Ca  can  be  obtained  from  a  relation  that  is  the  counter 
part  of  the  translation  condition  (2.13), 


_ n  ll  _ 

“  KJ-*  “ 

M °  (Ca)  +  2  (F)  =  0  U.23b) 

Eq.  (4.23)  is  easily  seen  to  hold  if  the  effective  charge  tensors  are  as¬ 
sumed  to  be  scalars — e.g.,  2Ze  for  Ca,  and  ~Ze  for  each  F.  (This  is,  in 
fact,  what  we  shall  assume  in  a  rigid  ion  model  to  be  discussed  later  for 
CaF^.)  In  any  case,  Eq.  (4.23a)  demonstrates  that  the  F2g  Raman  mode  does 
not  contribute  to  (4.22),  since  for  that  mode  (Ca  stationary,  and  F^  and 
F2  with  equal  and  opposite  displacements),  the  expression  in  brackets  in 
(4.22)  vanishes.  Likewise,  (4.23b)  shows  that  the  acoustic  mode  (all  dis¬ 
placements  equal)  cannot  contribute  either.  (Cf.  Eq.  (2. 71)) 

Notice  that  an  ext~a  (matrix)  factor  had  to  be  included  for  the 

IR  results — this  is  a  consequence  of  the  fact  that  the  displacements  in 

-+  A  ,  I  ->  . 

the  k  =  0  modes  are  related  to  the  vectors  w Q c  |  kc* )  by  an  extra  factor  of 
It  is  actually  the  vector  (and  not  Just  ^t°)  that  pro- 

Jects  onto  the  appropriate  k  =  0  IR  mode.  Strictly  speaking,  for  the  same 
reason  it  wcula  be  necessary  to  include  such  a  factor  in  the  discussion 

of  the  Raman  effect;  however,  it  vras  omitted  there  because  of  our  tacit 

•  •  ^  |  -*• 

intent  to  apply  the  formalism  to  the  fluorites,  for  which  MQ  |k=0,Op>= 

mp^lk^jO^  >.  (This  relation  is  a  consequence  of  the  fact  that  only  the 
fluorine  masses  are  involved  in  the  Raman  mode  for  CaF^.)  For  a  more  com¬ 
plicated  structure,  a  factor  M  ^  would  have  to  be  included  for  the  Raman 
result  as  well. 

Eq.  (4.20)  is  general,  and  holds  for  the  phonon  susceptibility  for 
an  arbitrary  lattice.  Much  of  the  discussion  that  was  given  for  the  P- 
coefficients  in  Sec.  4.1  for  RS  applies  here  also.  Fcr  example,  if  impu¬ 
rities  are  added  to  a  perfect  crystal  lattice  which  has  no  one-phonon 
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absorption  allowed,  the  relaxation  of  the  k  =  0  selection  rule  by  the  de¬ 
fects  can  lead  to  induced  infrared  lattice  absorption,  if  the  defects  have 
significantly  different  effective  charge  characteristics.  To  treat  such 
problems,  assumptions  of  localizability  must  again  be  made  on  the  ^-coef¬ 
ficients  as  well  as  on  the  mass  and  force  constant  characteristics. 

In  addition  to  the  TO  optical  phonon  contributions  tc  the  dielectric 
constant  e(ui),  there  will  also  be  contributions  from  ultraviolet  (elec¬ 
tronic)  absorption  processes.  In  the  far-infrared  region,  the  frequency 
u>  is  so  low  that  the  latter  processes  contribute  only  a  constant  value, 

Xe  ^  (e«,  -  1 ) /Uit  to  the  total  susceptibility  (xe  is  the  electronic  sus¬ 
ceptibility,  and  £„  the  high  frequency  dielectric  constant).  Thus,  for 
crystals  with  only  one  IR-active  mode,  if  we  assume  that  Vhe  first  order 
electric  moment  coefficients  do  not  change, 

e (w)  -  Ea3  ^  <  k=0,T0 1  MJ"  G(u)+is )  |k=0,TO  >  (k.2h) 


We  can  verify  that  the  result  (U.2l)  holds  for  the  perfect  crystal  if 
we  insert  the  unperturbed  Green's  function,  G°(w+iE),  which  gives 


=  K  <k  =  o,To 


2. 

The  constant  K  can  be  expressed  as  K  =  -  u<po^Eo  ~  c®)  >  where  e(0)  3  eq 
is  the  static  dielectric  constant.  Thus,  we  obtain 


£(u>) 


Sco 


Coo 


CO 


% 

TO 


(25,179) 


which  is  in  agreement  with  the  well-known  result 


for  the  disper- 
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sion  of  a  (harmonic)  lattice  with  one  IB  mode.  Eq.  (4. 2k)  becomes,  finaliy 
6(u>)/Eoo  -  1  = 

(1  ~  '^>)'L°To  <  *  =  °>To  I  fe  =  o,  To)  (U.25) 


V.  DISORDERED  SYSTEMS 


5 • 1  Introduction 

When  a  pure  crystal  lattice  is  altered  by  the  introduction  of  a 
single  substitutional  impurity,  many  qualitative  and  quantitative  re¬ 
sults  can  be  established  with  the  Green's  function  techniques,  provided 
that  the  "defect  matrix"  vQ  for  the  impurity  is  localized.  For  many  pur¬ 
poses,  those  effects  which  are  induced  by  a  small  concentration  c  of 
point  defects  (e.g.,  impurity-induced  RS  or  IR  absorption)  can  be  inter- 

(47) 

preted  m  the  context  of  the  isolated  impurity  problem.  Xinh  ,  Mar- 
tin(l30),  an(j  many  others  (cf.  Maradudin^ )  have  treated  such  problems 
by  multiplying  the  results  obtained  for  a  single  defect  calculation  by 
cN,  the  number  of  impurities  present.  For  properties  which  exist  ori¬ 
ginally  in  the  perfect  crystal,  but  which  are  modified  by  the  addition 
of  impurities,  the  situation  is  generally  more  complicated.  F'  example, 
the  effects  of  frequency  shift  or  broadening  of  (existing)  Reman  or  IR 
modes  that  results  when  a  small  finite  concentration  of  impurities  is  in¬ 
troduced,  cannot  be  explained  so  easily. 

In  many  cases — e.g.,  the  systems^-*^  that  were  discussed  in  Chap¬ 
ter  I — two  similar  isomorphs  which  are  mutually  soluble  and  able  to  form 
homogeneous  mixtures  at  large  concentrations  have  teen  studied  experimen¬ 
tally.  In  other  cases,  particular  impurities  may  have  electronic  or 
chemical  properties  signif icar tly  different  from  those  of  the  host  atoms 
they  replace,  and  it  may  not  be  possible  to  grow  crystals  with  more  than 
a  trace  amount  of  such  impurities.  For  a  situation  where  the  concentra¬ 
tion  of  impurities  can  be  increased  to  finite  amounts  to  form  disordered 
crystals,  the  theoretical  problems  become  more  difficult.  Many  of  the 


properties  of  such  mixed  crystal  systems  will  display  features  which  can¬ 
not  be  simply  explained  by  extrapolation  from  results  for  the  single  im¬ 
purity  problem. 

When  a  finite  concentration  c  of  impurities  is  added  to  a  host  crys¬ 
tal,  they  will  be  distributed  in  some  unknown  way  over  cN  sites  through¬ 
out  the  lattice.  The  easiest  mathematical  assumption  to  make  for  the  mixed 
crystal  problem  is  that  a  random,  disordered  lattice  is  formed — i.e.,  that 
the  probability  that  a  given  site  contains  ai  impurity  atom  is  c,  and  a 
host  atom,  (1  -  c).  The  impurities  are  regarded  as  ..^placing  hosts  in  a 
perfectly  random  way,  with  the  probability  for  the  occurrence  of  an  impu¬ 
rity  (on  any  given  site)  that  is  unccrrelated  with  the  presence  of  speci¬ 
fic  atoms  on  the  neighboring  sites.  This  assumption  has  been  made  in  al¬ 
most  all  of  the  theoretical  work  that  has  been  done  in  this  field. 

Since  Rnman  scattering  and  If?  absorption  can  be  related  directly  to 
certain  Green's  functions,  the  most  logical  approach  to  a  theory  of  these 
effects  in  mixed  crystals  would  be  to  extend  the  previous  results  to  an 
average  Green's  function  formalism.  The  average  Green's  function  <G> 
for  concentration  c  can  be  defined  as  a  statistical  ensemble  average  of 
the  Green's  function  G  (for  cN  impurity  sites,  given  cy  (3.^1)),  over  all 
possible  configurations  of  a  host  lattice  containing  cli  impurities.  We 
shall  pursue  the  average  Green's  function  formalism  further,  after  we  give 
a  brief  survey  of  some  of  the  other  work  in  this  field.  For  the  study  of 
the  frequency  spectrum  (i.e.,  density  of  states)  of  a  disordered  lattice, 
there  have  been  numerous  other  theoretical  approaches,  some  of  which  have 
been  quite  different  in  their  direction  of  attack.  Maradudin^ ^  has  re¬ 
viewed  many  of  these  other  methods  in  some  detail.  There  has  also  been 
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much  work  on  the  application  of  the  average  C-reen's  function  method  to 
electronic (68-82)  an(j  Eagnetie(®3-39)  systems,  although  we  shall  not  dis¬ 
cuss  these  topics  here. 

Tie  ea-liest  work  on  the  frequency  distribution  of  a  disordered  lat¬ 
tice  was  done  by  Dyson^®^,  who  obtained  a  result  (for  a  simple  linear 
chain)  in  the  form  of  a  functional  integral  equation.  His  work  was  ex¬ 
tended  and  simplified  by  Bellman ^  ^ ,  des  Cloiseaux^®^  ^ ,  and  Englman^"'^ 

but  these  methods  are  formidable  to  apply,  and  unsuitable  for  numerical 
calculations.  Schmidt originated  another  method  which  also  led  to 
a  solution  in  the  form  of  t  functional  equation,  but  was  unable  to  solve 
it  except  for  certain  limiting  cases.  Agacy^-^,  Hori  and  ABthi^^S) 
Hori^1^,  and  Mahanty^1**0)  have  also  used  Schr.idt’s  method,  and  results 
have  been  obtained  for  a  simple  linear  chair,  that  agree  with  spectra  com¬ 
puted  by  numerical  methods.  However,  Schmidt's  technique  has  not  beer, 
extended  beyond  one  dimension,  and  it  has  little  usefulness  for  realis¬ 
tic  problems.  A  "moment-trace"  method  has  been  developed  by  Maradudin 
et_  aJT1^  ,  and  by  Domb  ert  alj1^,  but  because  it  is  based  on  the  assump¬ 
tion  of  a  smooth  spectrum,  it  is  unable  to  account  for  some  of  the  compli¬ 
cated  effects  that  can  occur  at  high  frequercies. 

Dean^^--5  ) ,  Bacon  ^**5  ^ ,  Martin }  Rosenstock  and  McGill 

and  Payton  and  Visscher^1^)  have  carried  out  exact  (machine)  cal¬ 
culations  for  simple  models  of  1-,  2-,  and  3-dimensional  lattices  that 
were  generated  in  a  random  manner.  Their  work  has  provided  much  useful 
information,  both  qualitative  and  quantitative,  about  certain  striking 
features  in  the  frequency  spectrum  of  a  disordered  lattice.  This  work  is 
valuable,  because  it  can  be  used  for  a  comparison  of  the  exact  results 


-Vj- 

(for  a  particular  lattice)  vith  those  obtained  by  the  average  Green's 
function  calculations.  The  latter  are  often  limited  in  their  validity 
because  of  the  necessity  of  certain  approximations,  and  the  possibility 
of  comparison  vith  exact  results  in  simple  examples  gives  some  general 
indications  of  where  these  approximations  may  be  inadequate.  The  ap¬ 
proach  of  these  authors  to  the  calculation  of  frequency  spectra  uses 
theorems  about  the  roots  of  polynomials  in  a  Sturm  sequence;  the  re¬ 
sulting  spectra  are  exact,  and  often  reveal  complicated  structure  at  the 
high  frequency  ends.  An  example  of  this  behavior  (taken  from  P.  Dean, 
Proc .  Roy.  Soc .  A25jf,  507  (I960))  is  shown  in  Fig.  5*1  for  a  5C-5C  mix¬ 
ture  of  atoms,  with  a  mass  ratio  of  two,  on  a  linear-  chain  (of  6h,C0Q 
atoms)  with  nearest-neighbor  forces.  The  f ine-structure  can  be  inter¬ 
preted  as  impurity  bands  corresponding  to  localized  mode  frequencies 
that  characterize  various  types  of  clusters  of  the  lighter  atoms ■  ^3-5 ) . 
This  figure  also  shows  a  comparison  between  the  exact  spectrum,  and  the 

results  of  a  moment-trace  calculation  for  the  same  system  using  the  ue- 

(lh2)  (il*q) 

thcds  of  Domb  et  al  .  Dean  '  has  r h~vn  how  short-range  or  long- 

range  order  can  be  incorporated  into  the  machine  calculations  for  the 
simple  linear  chain;  although  the  high  frequency  local  mode  region  of 
the  spectrum  can  be  sensitive  to  a  degree  of  order  (compare  the  solid 
and  dotted  lines  in  Fig.  5.1),  the  low  frequency  end  and  the  middle  of 
the  band  are  appreciably  less  sensitive,  and  depend  mostly  on  the  per¬ 
centage  composition.  Rosenstock  and  McGill^^'  and  Dean  and  BacorP^1*^ 
have  studied  the  form  of  all  the  exact  normal  modes  of  a  short,  randomly 
generated,  linear  chain,  and  have  confirmed  that  the  lower  frequency 
modes  are  wave-like,  and  the  higher  frequency  modes  highly  localized  in 


-91- 


Fig.  5.1:  Frequency  distributiun  for  isotopic,  two-component  linear 
chains  (with  mass  ratio  2,  and  50-5C  mixture).  The  solid 
curve  is  for  a  completely  disordered  chain  (gener'ted  for 
6b, 000  atoms  in  a  completely  random  manner),  and  was  ob¬ 
tained  by  the  machine  calculations  of  Dean.  The  dashed 
curve  represents  a  moment-trace  calculation  for  the  same 
system;  the  dotted  curve  is  the  distribution  for  an  or¬ 
dered  linear  chain.  (This  figure  was  taken  from  the  work 
of  P.  Dean,  Proc .  Roy.  Soc.  A25b ,  507  (i960).  Ref.  lU3.) 


spatial  character.  Although  all  cf  these  alternate  approaches  to  the 
disorder  problem  have  been  involved  only  with  the  frequency  distribution , 
they  do  suggest,  if  onuy  qualitatively,  the  situations  where  caution  may 
be  necessary  in  the  application  of  the  average  Green's  function  method, 
which  will  be  described  in  more  detail  below. 


The  formulation  of  the  theory  of  average  Green's  functions  shall. 


in  principle,  be  applicable  for  any  concentration.  In  practice,  however, 
the  calculation  of  the  proper  self-energy  function  which  arises  presents 
a  formidable  obstacle,  and  except  for  rather  simple,  idealized  problems, 
the  best  efforts  to  date  have  produced  numerical  results  only  to  lowest 
order  in  the  concentration  c.  Many  authors  have  discussed  problems  of 
this  kind  using  diagrammatic  methods  that  are  analogous  to  those  used  in 
field  theory  or  in  many -body  problems.  Langer'1^0',  Poon  and  Bienen- 

hc-i  \  (150)  (t  co  \ 

stock  ,  Leath  and  Goodman  ,  Takenov  ,  Yonezawa  and  Matsubara 

and  others  have  approached  the  problem  by  expanding  G  in  terms  of 
G°  and  V  (cf.  Eq.  (3-1*1));  they  obtain  <G)  as  an  expansion  of  "configu¬ 
ration  averages"  of  the  form  ^ G°VG°VG0 . . .VG°  ^  ,  and  represent  the  terms 
in  these  summations  pictorially  by  diagrams.  The  method  of  calculating 
the  configurational  averages  is  based  on  the  cumulant  expansion  methods 
of  Kubo^M,  an(j  involves  the  so-called  "multiple  occupancy"  polynomials 
Fn(c),  discussed  in  detail  by  some  of  these  authors^  ^ >152) .  These  dia¬ 
grammatic  techniques  are  often  cumbersome,  usually  requiring  a  degree  of 
"bookkeeping"  skill,  and  have  been  applied  only  to  simple  lattice  models. 
The  average  Green's  function  <(  G  )>  can,  however,  be  obtained  without  re¬ 
course  to  diagrammatic  methods  ’-*-55  »82 ) .  practice,  it  is  much  more 
straightforward  to  make  use  of  the  general  expressions  for  {  G  y  .  These 
approaches  clearly  demonstrate  the  relation  between  the  random  impurity 
problem  and  the  isolated  impurity  problem.  A  number  of  results  for  simple 
models,  which  were  obtained  by  previous  authors  using  diagrammatic  sums, 
have  been  obtained  more  easily ^^5). 
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Except  for  methods  that  attempt  to  introduce  "self-consistency," 
the  tacit  assumption  in  all  of  the  numerical  calculations  that  have  been 
done  is  that  it  is  possible  to  expand  the  proper  self-energy  for  the 
average  Green's  function  in  a  power  series  in  the  concentration  c.  Be¬ 
cause  of  the  mathematical  difficulties  involved,  even  for  non-"self-con- 
si stent"  approaches,  it  is  generally  very  tedious  (even  for  simple  models) 
to  carry  ou''.  calculations  beyond  first  order  in  c.  There  have  been  some 
attempts  to  develop  self-consistent  theories  that  would  be  valid  for 
treating  problems  with  large  concentrations  of  impurities.  Yonezawa  and 
Matsubara^^  ^  have  developed  a  self-consistent  approximation  suggested 
by  diagrammatic  considerations  (replacing  an  unperturbed  propagator  by 
the  actual  propagator  in  a  certain  class  of  diagram  sums).  This  method 
leads  to  an  integral  equation  involving  complicated  matrix  exponentials. 
Davies  and  Langer^1^  appeal  to  general  analytic  ity  properties,  and  mo¬ 
dify  the  original  first  order  results  of  Langer^1^  in  an  ad  hoc  way, 
again  by  replacing  an  unperturbed  propagator  by  the  actual  propagator. 
Taylor^-^"^  has  recently  developed  a  method,  based  on  the  multiple-scat¬ 
tering  formalism  of  Lajc^®^,  that  leads  to  an  infinite  heirarchy  of  "con¬ 
ditional  average"  equations  that  must  be  terminated  by  an  approximation. 
The  average  Green's  function  is  expressed  in  terms  of  the  propagator  of 
an  "effective  field",  rather  than  G°;  after  an  approximation  is  made  to 
terminate  the  set  of  equations,  the  scattering  matrix  is  set  equal  to 
zero  as  the  criterion  for  the  "best"  approximation  to  the  proper  self¬ 
energy  function.  Velicky,  Kirkpatrick,  and  Ehrenreich^®^  have  adopted 
a  similar  approach  for  a  self-consistent  theory  for  the  electronic  prob¬ 
lem.  All  of  the  self-con distent  theories  for  the  vibrational  problem 
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share  the  common  disadvantage  that  their  usefulness  is  limited  to  the 
simplest  possible  systems  with  mass  changes  only.  When  force  constant 
changes  must  be  included  to  adequately  describe  the  defects,  it  becomes 
questionable  whether  it  would  be  practical  to  develop  the  theory  beyond 
first  order  in  the  concentration.  Even  to  first  order  in  c,  calculations 
for  the  (relatively  simple)  Ca^Sr^F^  system  present  a  cumbersome  com¬ 
putational  task. 

Taylor's  calculations  for  the  frequency  spectrum  of  isotopieally 
disordered  three-dimensional  systems  at  large  concentrations  are  in  good 
agreement  with  the  results  of  machine  calculations  by  Payton  and  Vis- 
scher.  However,  for  small  concentrations  of  light  impurities,  Taylor's 
method  is  not  able  to  produce  the  spike  structure  at  high  frequencies 
that  are  attributable  to  local  modes  of  defect  clusters .  As  the  concen¬ 
tration  increases  beyond  certain  finite  amounts  (the  "critical  percola¬ 
tion  concentration"),  one  no  longer  has  "isolated  defect  clusters."  The 
spike  structure  displayed  by  the  machine  calculations  tends  to  smooth 
out  in  the  region  of  larger  concentrations,  and  Taylor's  results  achieve 
better  agreement.  For  low  concentrations  of  heavy  defects,  Taylor's  re¬ 
sults  agree  well;  the  modes  of  defects  and  defect  clusters  are  not  iso¬ 
lated,  and  there  is  no  complicated  high  frequency  spike  structure.  His 
method  is  also  somewhat  better  than  that  of  Davies  and  .  ^riger ,  for  it  is 
able  to  predict  an  impurity  band  (for  light  defects)  that  lies  astride 
the  local-mode  frequency  of  a  single  mass  defect.  Although  it  is  by  no 
means  obvious,  some  of  the  various  self-consistent  theories  are  related 
or  equivalent.  The  connection  between  Taylor's  method  and  that  of  Davies 
and  Langer  has  been  discussed  recently  by  Leath  .  He  shows  how  these 
two  methods  can  be  viewed  in  terms  of  diagrams,  and  that  although  the  two 
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methods  sum  tne  same  diagrams,  the  latter  authors'  treatment  does  not 
properly  compensate  against  multiple  occupancy  of  sites  by  defects.  A 
general  discussion  of  these  complications  has  also  been  given  by  Elliott 
et  al^59)  a  Velicky  et  compare  some  of  the  self-consistent  methods 

that  have  been  applied  to  electronic  properties  of  mixed  crystals .  Since 
we  shall  not  be  concerned  with  self-consistent  methods  in  this  work,  we 
shall  not  discuss  these  topics  further. 

5 . 2  The  Average  Green '  s  Function 

We  turn  now  to  a  discussion  of  the  average  Green's  function  forma- 
iisn/^^.  For  a  lattice  with  an  arbitrary  configuration  of  impurities, 
the  Green's  function  G  was  expressed  by  (3*1*1)  in  terms  of  G°  and  the 
defect  matrix  V, 

G(u)  =  G°(w)  -  G°(u)V[l  +  G°(u))v]_1  G°(uj)  (3.1*1) 

and  for  a  single  isolated  defect  located  at  some  site  i  =  UQ,  kq),  this 
becomes 


where 


G1  =  G°  "  ^J1  +  ^J"1  G° 


v.  =  i 


i - 1 

Vr 


J 


represents  tne  defect  matrix  for  the  impurity  subspace ,  and  has  the 
form  vc  that  characterizes  a  single  isolated,  defect. 

Consider  now  the  case  where  a  single  impurity  is  added  not  to  a  per¬ 
fect  lattice,  but  to  one  which  already  contains  n  =  cN  defects,  all  of 
the  same  type.  If  the  Green's  function  for  that  particular  distribution 
of  cN  impurities  is  denoted  by  G(c,y),  where  "y"  specifies  the  particu¬ 
lar  configuration  of  impurities,  then 

G(c,y)-1  =  (G°)-1  +  V ( y )  (5*1) 

If  another  impurity  is  added  at  a  new  site  i,  consistent  with  y,  then 
the  Green's  function  for  the  lattice  with  cN  +  1  =  (c  +  1/N)N  defects 
becomes 

G(c+l/N ,  y')"1  =  (G0)"1  +  V(y')  =  GCc.y)-1  +  6V(y,i)  (5-2) 

where  y'  is  the  new  configuration  that  results  by  adding  a  defect  at  site 
i  to  the  existing  configuration  y,  and  6V(y,i)  is  the  change  produced  in 
the  defect  matrix.  This  equation  can  be  written 

G(c+l/N ,  y 1 )-1  = 

G(c,y)  -  G(c,y)5V(y ,i) [l  +  G(c ,y ) 6V( y  ,i )] -1  G(c,y) 

If  a  "configuration  average"  is  taken  over  all  y  •  d  i  wh'ch  are  consis¬ 


tent  with  each  other 
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<S(c+fr)>  -  <5(c)>  -  1  (c-(c)>  fU)<G(c)>  (5.3) 


where 

fCc)  ==  N  <&(£)>"  <&(e.y)SV(^,;)[l  +  CKc,y)SV(y.i)]‘b(c,y)><&(c)J 

(5-M 

This  average  can,  in  principle,  he  carried  out,  although  it  has  no  use- 
fulness  for  actual  computation.  As  N  -  «,  (5.3)  becomes 

£<&CO>  -  -<&(c)>f(c)<G(e)>  (5.5) 

Which  can  be  immediately  integrated  to  cast  the  result  for  <  G(c)  >  into 
a  standard  form. 


<G(c))_1  =  (G°)_1  +  F(c) 


(5.6) 


where 


F(c ) 


C 

0 


dc  f(c) 


(5-7) 


is  called  the  "E2££r  self-energy."  This  is  the  qua-.tity  that  arises  for¬ 
mally  in  many-body  theory  from  a  Dyson  equation,  which  relates  the  actual 
propagator  to  the  unperturbed  propagator.  Bote  that  all  of  these  quanti¬ 
ties  are  a  function  of  but  this  dependence  ha,  been  suppressed  to  aim- 
plify  the  notation. 

The  tacit  assumptions  have  been  made  that  <  G(c)  >  is  differentiable, 
and  that  f(c)  is  integrate.  Thes-  assumptions  are  also  inherent  in  the 
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(equivalent)  iterative  technique  of  diagram  summation,  since  all  the  re¬ 
sults  for  <  G  >  obtained  by  that  method  are  also  expressed  as  power  series 
in  c.  The  assumption  is  generally  made  that  F(c)  has  a  power  series  ex¬ 
pansion  about  c  =  0.  (This  need  not  necessarily  be  true — perhaps  F(c)  ^ 

/c ( 1  -  c ) ,  for  example.)  Assuming  that  F(c)  is  analytic  at  c  -  0,  and 
using  the  fact  that  F(0)  =  0,  we  can  expand 

F(c)  =  cf (0)  +  |c2f’(0)  +  ...  (5-8) 

Eq.  (5«5)  can  be  used  to  express  successive  derivatives  of  f(c)  in  terms 
of  the  derivatives  of  <  G(c)  >.  Since  <  G(0)  >  =  G°, 

f(°)  =  -  (e-r’ ^<&(c)>  (G“)"’ 

a  ^  C  =  O 

f'(0)  =  (5.9) 

+  Z(GT'^<G(«)>|o(&T'^<G(c)>|te-V 


etc.  The  relationship  between  the  multiple-impurity  problem  and  the  ran¬ 
dom  disorder  problem  becomes  apparen.  when  the  derivatives  of  <  G(c)  > 
are  automatically  defined  through  the  following  neirarchy  of  expressions: 


—  <  G(c)\  I  —  lim  N  <(  &1  \  —  G°  ] 

C  0  N  — *  oo  ^ 

ii<G(c)>|  =  lim  N*[<G2>-Z  <&,>+&”] 


(5-10) 


-99- 


etc.,  where  <  Gn  ;>  is  the  multiple-impurity  Green's  function  of  (3.1*1) 
averaged  over  all  possible  configurations  in  which  n  impurities  are  pre¬ 
sent.  Thus,  for  example. 


<Gz>-6° 


(5.11) 


etc.  To  lowest  order  in  the  concentration,  the  proper  self -energy  for 
<  G(c  )  >  becomes  F(c)  -  cF^^(c),  where 

F(1>ic)=£vi[l  +  G°vi]-1  (5.1E) 

L 

Note  that  the  sum  over  sites  i  is  usually  Just  a  sum  over  the  ceil  index 
i  with  a  fixed  basis  index  kq.  Of  course,  if  some  particular  type  of  de¬ 
fect  replaces  an  atom  which  can  have  several  different  basis  indices  (e.g., 
if  an  H  replaces  an  F-  in  JaFg),  a  sum  over  kq  will  also  be  required.  The 
equations  to  be  develop^u  are  thus  easily  modified  for  that  case. 

There  is  an  analogous  equation  for  the  proper  self-energy  associated 
with  the  average  conjugate  Green's  function,  <  H(c)  >,  ana  in  general, 
these  proper  self-energies  are  not  the  same.  The  corresponding  "defect 
matrix"  fo”  H  is  given  oj  wQ  =  (i/o)($°M0_1  -  and  does  not  always 

have  an  "impurity  subspuce"  that  coincides  with  that  for  v  .  This  will 
become  apparent  when  a  simple  example  is  considered  later. 

The  average  Green's  function  <  G(c,u>)  >  can  be  written 


'G( c.w))'*  =  G°(w)'V  F(c)  =  l^co1-  F(c) 

=  M^fio1-  D°  4-  M0  ,/zF(c)m;1/Z-]  (5.13) 

sc  that 

Mo/z<G(c,uO>  Mo‘  =  [  w1-  D°^-  M2'/zF{c)MZ''z  ]  (5.1**) 


We  shall  be  interested  in  the  function 

3KO  =  m;’a  f(c)m;4/2  (5.i5) 

which  can  be  expressed  in  momentum  space  using  the  relation  (2.62b)  given 
earlier.  The  sum  over  all  sites  i  in  the  expression  (5-i2)  makes  it  im¬ 
mediately  obvious  that  the  first  order  term  in  the  proper  self-energy  will 

be  diagonal  in  k.  Denote  the  defect  matrix  v.  by  v  (i,<  ),  and  ass  ce 

l  o  o 

that  the  substitutional  inpur ivies  under  consideration  correspond  to  one 
(fixed)  value  of  <  .  Then  the  first  order  result  is  gi^en  by 


-  -LV  e 

N  ^ 

i,K,a 

h  Ki0 


ik- 


K  C K,lh<r) 


x  ]T  ^  ■■  *'<*  I  VoU»*0[t  +  &V)V0(*,K0)] 

l 

(<o  *>»«*) 


(5-16) 
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The  matrix  element  on  the  right  is,  of  course,  unaltered  by  a  uniform 

translation  of  the  site  indices  £^,  £,,,  and  £  by  a  lattice  vector 

in  particular,  we  can  translate  by  -  R  to  obtain 

£ 

<  £]_<1a|  vo(£,kq)[i  +  G°voU,ko)]_1  |  fc2<2S  > 

<  £1-£,<1  a|  v0(k0)Fi  +  G°v0(Kt)]_1  |£2-£,<2B  >. 


v0(<0)  is  Just  the  defect  matrix  for  an  impurity  in  the  £  =  0  cell,  and 
we  shall  abbreviate  it  as  vQ.  It  then  follows,  from  a  uniform  transla¬ 
tion  of  the  £^  and  summation  indices  in  (5*16)  by  -  R  ,  that 

<  te<r  |  ?«’>(«»  |k'T'>  = 


which  imputes  that  <  ko  |  ^ 1  ^  (u)  |  J  'o '  >  =  0,  unless  It  *  k'  .  Hencr, 


is  diagonal  in  k,  and  we  can  write  <  ka  I  5*  1  (u>)  l^'o  '>  =  /X'1  (k,u) 

kk'  oo 


The  sum  over  £,  which  has  not  yet  been  taken.  Just  cancels  the  factor  N, 
since  the  translation  of  the  £-^  and  £^  summation  indices  removed  all  of 
the  £ -dependence .  Hence, 


X  L  Kl “  ~  Rtv)  w *  (  K  |  S<r )  w„  (»'  I  SO 

l  KM 

l"x  |ve[l+f(co)V0]  '\X'Kfi>j= 


Mk’ 

15- IT) 

Inspection  of  the  expressions  (5-9/-(5>ll)  shows  that  the  proper  self¬ 


energy  is  diagonal  ir.  k  t;  all  orders  in  the  concentration  c,  and  since 


G  is  diagonal  in  k,  the  average  Green's  function  <  G(c,u>)  >  will  also  be 
diagonal.  The  mathematical  process  of  averaging  over  all  configurations 
has  the  important  effect  of  restoring  it  as  a  good  "quantum  number,"  in  a 
certain  sense.  The  fact  that  <  G(c,m)  >  is  d'  agonal  in  it  is  an  expression 
of  the  translational  invariance  that  an  "average  crystal"  would  be  expec¬ 
ted  to  possess;  in  fact,  <  G(c,w)  >  will  have  all  of  the  space  group  sym¬ 
metry  of  the  empty  lattice.  This  is  not  to  say  that  there  are  eigenmodes 
of  the  perturbed  system  with  well-defined  momentum  it;  the  random  disor¬ 
dered  crystal  is  defined  by  a  configuration  average  over  a  large  ensemble 
of  systems,  each  of  which  is  not  periodic.  An  experiment  which  probes  the 
crystal  by  exciting  a  disturbance  of  well-defined  momentum  k  will,  there¬ 
fore,  yield  a  spread  in  frequencies.  Mathematically,  this  will  be  de¬ 
scribed  by  the  imaginary  part  of  the  proper  self-energy. 

To  illustrate  the  equivalence  of  the  results  of  the  differential  and 
the  diagrammatic  techniques ,  and  to  demonstrate  the  relative  ease  with 
which  (5-17)  can  be  applied,  we  shall  consider  a  simple  example.  Langer 
has  treated  (using  diagrams)  the  problem  of  a  random,  disordered 
chain  of  atoms  with  isotopic  mass  defects,  bound  by  nearest-neighbor  force 
constants.  For  the  average  Green's  function  <  G  >,  the  defect  matrix  is 
a  simple  scalar,  vQ  =  (m'  -  m)^1".  The  (one-dimensional)  impurity  subspace 
thus  involves  only  one  unperturbed  Green's  function, 

_  _L_  V  __J _ 

®  -m  N  co2—  c 

k 

a  .d  the  first  order  proper  self -energy  car.  be  immediately  calculated  from 
(5-17)  to  give 


-103- 


whir-h  is  independent  of  k.  Langer,  however,  calculates  the  proper  self 
energy  associated  with  the  average  conjugate  Green's  function  <  H(c)  >. 
In  that  case,  the  forn  of  the  "defect  matrix"  is 


=  (7<*0  M'1  ] 

and  even  though  only  a  simple  mass  change  is  involved,  wq  is  not  a  simple 
scalar,  since  the  force-constant  matrix  $°  that  appears  on  the  left 
couples  the  nearest-neighbor  sites.  The  impurity  subspace  for  wQ  is 
thus  three-dimensional.  However,  fM0_1  -  M”1 )  =  (i/m  -  1/m’ ) |0><0|  pro¬ 
jects  only  onto  the  impurity  site  "0",  and 


w.[l  -4-  H °  w0]  =  ^  §°|o><o|  J _ (  ™  ) 


IT 


“he"  ”  ha',e  UMd  U/u)H°{oj)  =  Mo0°(a,).  The  proper  self-energy  for  <  „  , 

becomes 


<- 


k,  CL>)  =  | _ »*T 


1  + 


*|o>}  \ 


e  <£ 


r\oy 


The  matrix  element  <^0j.M  G°$°  G> 

o 


is  obtained  by  multiplying 
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where  a  is  the  spring  constant  (for  nearest  neighbors),  and 
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After  minor  manipulations,  the  PSE  associated  with  <  H  >  becomes 
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and  agrees  with  the  result  of  Langer’s  calculation.  It  is  also  possible 
to  demonstrate  that  the  second  order  calculation  to  order  c2  (using  (5.11b)) 
agrees  witn  that  of  hanger;  since  it  involves  slightly  more  algebra,  it 
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will  be  omitted  here.  It  is  also  possible  to  use  this  method  to  obtain 
the  one-  and  two-dimensional  results  of  Poon  and  Bienenstock^'^ 
for  random  spring  constants. 

Except  for  some  of  the  self-consistent  techniques,  the  numerical 
application  of  these  average  Green's  function  methods  have  been  confined, 
even  for  the  simplest  models,  to  the  approximation  that  the  PSE  can  be 
expanded  to  the  lowest  order  in  the  concentration  c.  For  the  frequency 
distribution  function,  comparisons  can  be  made  with  the  exact  results  ob¬ 
tained  by  Dean  and  others  ^3-1^9)  or(jer  t0  obtain  some  criteria  for 
where  the  average  Green's  function  approximations  are  valid.  However, 
the  complete  spectral  function  <  G(c;k,oi)  >  obviously  contains  much  more 
information  than  the  density  of  states,  <p(u>2)>  'v  Im  Trt <MG(oi+ie)> }  ^ 

Im  <5?o  |  <MG(u)+ie  )>  |ko> .  Since  there  have  been  no  exact  machine  cal¬ 
culations  (even  for  simple  models)  of  the  more  detailed  information  con¬ 
tained  in  <  G(c;k,u)  >,  no  comparisons  with  exact  results  are  possible  in 
tuat  case.  Thus,  the  validity  of  many  of  the  approximations  that  are  re¬ 
quired  in  practice  to  evaluate  the  average  Green's  function  <  G(c;£,u))  > 
are  speculative,  and  there  remain  many  open  questions.  However,  it  is 
possible  to  proceed  with  caution  in  order  to  avoid  applying  these  approxi¬ 
mations  to  situations  where  they  are  known  to  be  inadequate  for  the  cal¬ 
culation  of  the  density  of  states.  For  example,  an  expansion  of  the  PSE 
to  first  order  in  the  concentration  c  would  probably  be  a  bad  approxima¬ 
tion  in  the  vicinity  of  band  edges,  or  in  regions  where  there  are  local¬ 
ized  mode  impurity  bands.  Since  the  results  to  order  c  are  related  to 
the  single  impurity  problem,  those  to  order  c^  to  the  two-impurity  prob¬ 
lem,  etc.,  it  is  possible  that  the  exotic  behavior  that  is  known  to  charac¬ 
terize  the  density  of  states  (and  presumably,  also  the  complete  Green's 
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function  <  G(c;£,ui)  >)  could  be  properly  described  if  it  were  possible  to 
carry  out  the  PSE  stun  to  all  orders  in  c  However,  it  is  also  possible 
(and  indeed,  more  likely)  that  there  may  be  a  non-analytic  dependence  on 
c  in  these  frequency  regions,  ar.d  that  expansion  in  powers  of  c  is  not  pos¬ 
sible  at  all.  There  has  recently  been  some  work  by  Domb^'*'^1"''^  and  Lif- 
shitz^^’^^  for  certain  artificial  limiting  cases  in  simple  models  (and 
again,  only  for  the  frequency  distribution  function)  that  suggests  a  non- 
analytic  dependence  on  c. 

The  first  order  approximation  in  c  is  probably  the  most  reliable  for 
small  concentrations  of  impurities  that  do  not  give  rise  to  local  modes. 

For  defects  that  can  produce  these  complicated  impurity  bands,  the  machine 
solutions  show  that  an  exnansion  in  powers  of  c  may  be  adequate  to  describe 
the  behavior  in  low  and  intermediate  frequency  regions.  Nevertheless,  the 
validity  of  the  expansion  of  the  PSE  to  lowest  order  in  c  has  often  been 
assumed  to  apply  for  the  entire  frequency  region.  For  disordered  systems 
that  do  not  involve  changes  in  the  P-  or  M-coef ficients ,  Raman  scattering 
and  IR  absorption  are  related  to  certain  projections  onto  the  average 
Green's  function  <  G(k  =  0,w+ie)  >,  according  to  the  results  of  Chapter  IV. 
(Cf.  Eq.  (h.lU)  and  (k.2k).)  Thus,  we  can  discuss  both  effects  in  a  paral¬ 
lel  way,  and  the  general  semi-qualitative  remarks  that  follow  could  apply 
equally  well  to  RS  or  IR.  The  evaluation  of  the  average  Green's  function 
requires  the  PSE,  which  (to  lowest  order  in  c)  will  involve  (according  to 
(5.17))  certain  projections  onto  cvQ  |l  +  g°(u)+ie  )vQj  "-*■ .  If  the  first  order 
PSE  (different  for  RS  and  IR,  of  course)  is  denoted  by  c^P]_(uj)  +  i Pg ( tu )  :  , 
then  the  denominator  of  the  relevant  <  G(k  =  0)  >  Green's  function  will 
have  a  structure  of  the  form  [  w2  -  +  c{P-]_(u))  +  iP0(w)}  ]  ,  where  GQ 
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represents  the  2=0  Reman  or  IR  mode  frequency  for  the  pure  crystal.  Thus, 
there  will  be  a  singularity  at  a  frequency  ,  given  by 

q2  ^  q2  _  cPi(no) 

and  fi^  will  be  shifted  from  by  a,  ijcP^(no)/0o,  and  broadened  by  v:p2(no)/flQ. 
In  addition,  <  G(c  ;k=0,ui+ie )  >  may  also  exhibit  a  singularity  near  any  local 
mode  (or  resonance  mode)  frequency  produced  by  the  u|_^  +  g°(w+ie)v0J  ^ 
structure  of  the  first  order  PSE  function.  Fig.  5*2  shows  a  schematic 

example  of  a  situation  where  the  real  part  P^  of  the  PSE  becomes  infinite 

at  a  local  mode  frequency  wQ;  if  it  is  assumed  that  the  expansion  of  the 
PSE  to  first  order  in  c  is  valid  for  all  frequencies  (in  the  low  concentra¬ 
tion  limit),  then  the  local  mode  frequency  that  shows  up  for  the  single 

impurity  problem  will  also  occur  (slightly  shifted)  as  a  singularity  in 
<  G(c;k=0,u)+ie)  >  at  For  very  small  concentrations  (c«  1),  this  sin¬ 

gularity  at  (cf.  Fig.  5-2)  is  approximately  the  local  mode  frequency,  as 
would  be  expected.  However,  such  a  theory  cannot  predict  a  width  to  the 


Fig.  5-2 
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mode  at  since  the  imaginary  part  of  the  PSE,  Pg(w) ,  vanishes  outside 
of  tie  unperturbed  band  of  frequencies.  In  a  self-consistent  treatment, 
this  would  not  be  the  case;  self-consistency  is  able  to  provide  the  cor¬ 
rect  analyticity  properties  for  the  PSE — viz.,  a  branch  cut  along  the  per¬ 
turbed  band,  and  along  the  impurity  bands  that  form  outside  of  the  unper¬ 
turbed  band^'^  Xinh^  ^  and  Maradudin^^  have  done  calculations  on 

RS  and  IR  absorption  using  a  first  order  PSE  that  they  assume  to  be  valid 
in  the  local  mode  region,  and  also  obtain  singularities  of  the  oj^-type. 

This  type  of  spectral  behavior  would  thus  seem  to  apply  to  the  two-mode 

( 1 1  _or) ) 

behavior  observed  in  some  mixed  crystal  systems  ,  although  the  ma¬ 

thematical  Justification  for  assuming  the  validity  of  the  first  order  ap¬ 
proximation  to  the  PSE  in  the  high-frequency  local  mode  region  is  unsub¬ 
stantial. 

For  situations  where  local  modes  do  not  occur,  and  where  g°vQ  can  be 
neglected  compared  to  unity,  there  will  be  only  the  singularity  for 
<  G(c;k=0,co+ie)  >.  In  that  case,  we  obtain  the  "virtual  crystal  approxi¬ 
mation"  which  accounts  for  the  one-mode  behavior  which  a  singie 

optic  frequency  shifts  linearly  with  concentration. 


< 


VI.  THE  MIXED-FLUORITE  SYSTEMS 


6.1  Introduction 

For  many  years  since  1928,  when  Raman  scattering  was  first  reported 
by  C.  V.  Raman experimental  work  in  this  field  ha3  been  carried  out 
using  mercury  discharge  lamps  for  the  exciting  radiation,  with  photo¬ 
graphic  detection  of  the  spectra.  Because  Raman  scattering  intensities 
are  typically  very  low,  intense  light  sources  are  required,  and  long  ex¬ 
posure  times  necessary.  The  numerous  experimental  difficulties  involved 
made  this  type  of  work  somewhat  unappealing,  and  placed  some  limitations 
or.  the  type  of  effects  that  could  be  studied.  The  development  of  laser 
light  sources,  which  have  the  advantages  of  monochromaticity,  high  inten¬ 
sity,  high  collimation,  and  plane  polarization,  provided  exactly  what 
Raman  spectroscopy  badly  needed  and  has  led  to  a  rebirth  of  interest  in 
this  field  in  recent  years.  The  use  of  lasers  makes  it  possible  to  study 
low-temperature  effects  and  polarization  effects  easily.  A  further  impe¬ 
tus  for  the  renewed  experimental  interest  in  Raman  scattering  has  been 
provided  by  modern  electronic  developments  that  have  made  it  possible  to 
streamline  the  detection  system;  we  shall  presently  describe  what  we  be¬ 
lieve  to  be  a  relatively  sophisticated  photon-counting  technique  (using 
a  multi-channel  analyzer)  that  we  have  used  to  measure  the  spectra.  When 
this  work  was  originally  reported^,  it  was  the  first  time  that  such  a 
detection  system  had  been  used  for  Raman  spectroscopy,  although  others  have 

most  likely  used  similar  methods  in  allied  fields. 

(2) 

We  have  studied  experimentally'  '  the  Raman  scattering  from  the  mixed 
crystal  systems  Ca-^^Sr^'^and  Ba^_xSrxF2  for  a  variety  of  concentrations 
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from  x  =  0  to  x  =  1.  These  crystals,  which  have  long  been  known  to  form 
continuous  solid  solutions ^  ,  were  obtained  from  Optovac  ,  Inc.  A  block 
diagram  of  the  basic  setup  which  we  used  to  measure  right  angle  scattering 
in  these  systems  is  shown  in  Fig.  6.1.  All  of  the  major  equipment,  except 
for  a  low-temperature  He-devar  and  an  electronic  control  device  that  was 
used  to  regulate  the  spectrometer  scan  (described  below),  was  obtained  com¬ 
mercially.  The  light  source  used  was  a  Spectra  Physics  Model  lib  helium- 

o 

neon  gas  laser,  which  we  operated  at  6328  A,  with  a  typical  power  output 

of  'u  25  milliwatts.  The  laser  light  source  was  focused  at  the  center  of 

the  crystal  sample,  and  a  dielectric-coated  spherical  mirror  with  high  re- 

o 

flectivity  at  6328  A  was  used  to  reflect  the  emergent  laser  light  back 
through  the  crystal.  This  forms  an  "external  cavity”  with  the  laser,  and 
the  purpose  of  this  trick  was  to  increase  the  effective  light  intensity  in 
the  sample  by  using  multiple  passes  of  the  beam.  In  practice,  this  in¬ 
creased  the  output  intensity  of  the  scattered  radiation  by  about  a  factor 
of  two.  The  use  of  this  method  is  not  possible  if  it  is  desired  to  make 
high  precision  polarization  measurements,  since  the  several  reflections 
would  probably  destroy  the  plane  polarization  characteristic  of  the  exci¬ 
ting  radiation  into  the  sample.  A  double  prism  arrangement  (cf.  Inset, 

Fig.  6.1)  produced  a  vertical  line  source,  which  is  imaged  onto  the  en¬ 
trance  slit  cf  a  1-meter  Jarrell  Ash,  Model  78-^20  spectrometer.  Because 
the  systems  *.nut  we  studied  exhibit  first  order  Raman  frequency  shifts  on 
the  order  of  300  cm-^,  the  separation  from  the  laser  line  is  far  enough 
tart  the  problem  of  extraneous  scattering  in  the  spectrometer  can  be  eli¬ 
minated  using  a  dielectric  interference  filter  at  the  entrance  slit  to  re¬ 
ject  the  laser  light.  We  used  a  step-function  filter  that  rejected  6328 
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Phototubes:  Amperex  XP10Q2;  EMI  9558 


®  showinS  experimental  setup  for  measurement  of 
Raman  scattering. 
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light  by  'v  10” \  and  passed  at  8Q/S,  with  essentially  flat  response 
light  shifted  by  >  250  cm-1. 

The  method  of  detection  involved  photon  counting;  an  Amperex  XP1002 
phototube  (which  has  an  S-20  response)  was  used  at  the  exit  slit  of  the 
Jarrell  Ash.  Signal  pulses  from  the  phototube  were  fed.  into  a  Nuclear 
Chicago  RIDL  Model  '}k-12B  multi-channel  analyzer.  This  instrument  is  used 
in  the  "time  base"  mode  of  operation:  all  of  the  pulses  that  arrive  from 
the  phototube,  in  a  selected  interval  of  time,  are  counted  and  scored 
sequentially  in  channels.  The  spectrometer  is  equipped  with  a  motor 
drive  that  is  capable  of  scanning  the  spectrum  at  selected  discrete  speeds, 
and  the  RIDL  channel  width  is  also  variable  with  discrete  values  (typi¬ 
cally,  we  used  a  channel  width  of  1  or  2  seconds).  The  phototube  was 
i  used  in  an  assembiy  that  permitted  it  to  be  cooled  to  a  low  temperature 
by  blowing  cold  N2  gas,  boiled  off  from  a  liquid  nitrogen  devar,  over  the 
e-thode.  Operation  of  the  tube  at  lower  temperatures  decreases  the  prob- 
-_.as  of  dark  current  from  thermionic  emission. 

In  order  to  improve  signal -to-roise  characteristics,  it  is  often  de- 
sireable  tc  sc  a  the  same  spectral  range  over  and  over,  and  add  up  the  re¬ 
sults.  This  can  be  done  easily  with  the  RIDL,  since  it  is  capable  of  add¬ 
ing  a  new  spectrum  tc  one  already  stored  in  its  memory.  An  electronic  and 
mechanical  control  c.vice  (designed  at  Harvard)  was  used  to  regulate  this 
multiple  scan  feature.  The  details  of  this  mechanism  are  rather  involved, 
and  it  is  unnecessary  to  gi'-e  more  than  this  operational  description  of 
how  it  worked.  With  multiple  scanning  of  a  spectrum,  it  was  possible  to 
obtain  very  good  signed. -to-noi se;  Fig.  6.2  shows  a  typical  Raman  spectrum 
(in  this  case,  taken  fo.r  Ca  ^Sr  gF^)  taken  at  room  temperature,  with  ten 
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passes  over  the  spectral  range.  The  use  of  a  multi -channel  analyzer  and 
the  photon  counting  technique  provides  a  method  by  vhich  very  clean  data 
can  be  obtained.  Furthermore,  the  ' i ne  required  to  produce  a  spectrum 
such  as  that  shown  in  Fig.  6.2  with  ten  passes)  would  be  only  about  two 
hours  (assuming  2  second  widths  for  the  RIDL).  Compared  with  the  long 
exposure  times  required  by  photographic  techniques,  this  is  a  definite 
advantage.  However,  the  usei'ulness  of  this  method  is  decreased  if  it  is 
necessary  to  observe  a  spectrum  over  large  wavelength  intervals,  for  which 
correspondingly  more  tine  would  be  required.  Fig.  6.2  covers  a  total 

range  of  t  30  %  or  75  cm  ^  (at  6328  A).  The  low  temperature  measure - 

o 

ments  carried  out  at  6328  A  were  obtained  using  a  (Harvard  built)  cold- 

finger  He  dewar. 

Later  measurements  were  taken  on  a  similar  setup,  which  included  a 

Spex  model  1400  double  monochrometer,  an  ionized  argon  laser  (operated  at 
o 

4880  A  with  200  mw.)  built  at  Harvard,  and  a  Janis  Super  Vari-Temp  (Mo¬ 
del  1QDT)  He  g&s-cool  dewar.  The  phototube,  which  was  again  cooled,  was 
an  EMI  9558,  with  an  S-20  response.  The  Spex  double  monochrometer  signi¬ 
ficantly  reduced  the  problem  of  extraneous  scattering,  so  it  was  not  ne¬ 
cessary  to  use  a  dielectric  filter  for  eliminating  the  laser  line  when  this 
apparatus  was  used.  Furthermore,  the  multiple-reflection  cavity  was  not 
used  in  this  case,  since  the  argor  laser  intensity  was  significantly  higher 
than  that  of  the  helium-neon  laser. 

The  experimental  results  for  the  Ca,  Sr  F0  and  Sr,  vBaJV  mixed 
crystal  systems  are  shown  in  Fig.  6.4  and  Fig.  6.i>;  the  first  order  it  ^  0 
Raman  line  shifts  linearly  with  concentration,  with  an  integrated  inten¬ 
sity  that  remains  approximately  constant,  and  with  a  linewidth  that  in- 
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creases  and  peaks  near  the  53-50  mixture.  Because  Hainan  scattering  is 
such  a  weak  effect,  it  was  necessary  to  use  relatively  large  spectrometer 
slit  openings  for  studying  these  systems.  (For  the  Jarrell  Ash  spectro- 

o  i 

meter  an  6328  A  laser,  w  3-9  cm-1,  and  for  the  Spex  spectrometer  and  the 
o  , 

^880  A  _aser,  a.  1.6  cm"  .)  In  order  to  obtain  lir.ewidth  results,  it  is 
then  necessary  to  convolute  the  observed  line  profiles  with  the  "slit 
function",  which  can  be  inferred  from  an  observation  of  the  laser  line 
with  the  same  slits.  Theoretically  (for  curved  slits,  or  for  straight 
slits  vith  small  vertical  aperture)  the  slit  function  should  be  a  tri¬ 
angle.  In  practice,  the  slit  function  fcr  the  Jarrell  Ash  data  had  a 
small  top,  and  that  for  the  Spex  (with  straight  slits)  had  a  small  tail 
on  one  side.  Assuming  that  the  slit  function  is  approximately  trape¬ 
zoidal,  as  shewn  in  Fig.  6.3  below,  the  convolution  of  the  slit  function 
S (<d)  with  a  Lorentzian  line, 
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Fig.  6.3:  Trapezoidal  slit  function,  S(w) 

For  any  selected  values  of  A  and  E,  one  can  compute,  numerically,  a 
table  of  observed  full-widths  versus  F,  which  represents  the  "true  width" 
for  (an  assumed  Lorentzian)  process.  It  is  important  to  note  that  it  is 
not  possible  to  merely  subtract  the  instrumental  width  from  observed  widths 
when  the  slits  are  opened  wide. 

The  low  temperature  ('^E0  K)  linewidth  data  was  taken  using  both  the 
6328  A  and  E880  %  lasers,  and  after  the  appropriate  convolutions,  the  re¬ 
sults  of  the  two  sets  of  measurements  were  reasonably  consistent  (cf.  Fig. 
6.5).  Taking  into  account  the  experimental  error  involved  in  reading  the 
date,  as  well  as  that  for  the  convolution  process,  these  values  are  pro¬ 
bably  accurate  to  about  i  .3  cm-1,  with  a  systematic  discrepancy  of  a.  .3 
cm  ^  in  the  two  sets  of  measurements.  Taking  into  consideration  the  fact 
that  the  two  sets  of  data  were  taken  at  different  times  and  with  completely 
different  experimental  equipment,  a  systematic  error  of  that  magnitude 
does  not  seem  too  large.  However,  the  source  of  that  systematic  error  is 
most  likely  in  the  assumptions  made  for  the  shape  of  the  slit  function, 
which  could  easily  lead  to  a  systen.atic  error  of  that  magnitude  when  the 
two  sets  of  data  are  reduced  by  convolutions  with  different  slit  functions. 


Although  it  is  possible  that  excitation  with  4880  A  or  6328  A  could  pro¬ 
duce  different  linevidth  results,  i-  is  unlikely  that  this  discrepancy  is 
a  real  effect.  H.  Goldberg  (private  communication)  has  carried  out  the 
convolution  for  the  63?6  X  measurement  of  Ca^gSr  ^  by  an  independent 
procedure,  and  obtains  -v  1  6  cm-1,  ^-hich  is  consistent  with  the  present 
results.  These  considerations  suggest  that  the  origin  of  the  systematic 
error  is  probably  related  to  the  convolution  process. 

Some  data  was  also  taken  at  liquid  nitrogen  temperature,  and  within 
the  experimental  error,  the  results  for  the  shifts  and  linewidths  were 
about  the  same  at  a,  1+°K  and  a.  77°K. 

The  theory  of  the  Cax_xSrxF2  mixed  crystal  that  is  discussed  later 
in  this  work  is  only  able  to  predict  the  contribution  of  disordering  to 
the  linewidth;  since  it  is  only  the  change  in  linewidth  with  concentra¬ 
tion  that  concerns  us  here,  the  possible  discrepancy  of  %  .3  cm-1  between 
the  two  sets  of  data  (at  4°F.  is  not  relevant.  The  dashed  line  of  Fig. 

6.5  is  the  result  of  a  numerical  calculation  to  le  described  later. 


Fig.  6.1*:  First  order  Raman  line  shifts  for  Ca  Sr  F  and  Sr 
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Fig.  6.5:  ^peri»ent»l  ana  theoretical  (run)  linewidths  (at  half 
x  for  the  Cai_xSrxF2  system.  Experimental  points  are 

retied  al0n  convolutlon;  dashed  line  is  theo 

retical.  Open  circles  correspond  to  1,880  X,  Spex  data 

•nd  closed  to  the  6328  S,  Jarrell  Ash  measure  ' 


6.2  The  Rigid  Ion  Model  for  CaF 


In  order  to  calculate  the  phonon  Green's  fun^ions  that  were  involved 
in  the  preceding  mathematical  treatment  of  the  isolated  defect  or  random 
disorder  problems,  it  is  necessary  to  have  knowledge  of  the  phonon  eigen- 
frequencies  and  eigenvectors  w(x|kc)  throughout  the  first  rillouin 
zone  for  the  unperturbed  (perfect)  lattice.  These  quantities  shall  be 
evaluated  using  a  "rigid  ion"  model,  due  to  Ganesan  and  Srinivasan^^ ^ , 
for  the  fluorite  lattice.  In  this  idealized  model,  the  (ionic)  CaF?  crys¬ 
tal  is  regarded  as  consisting  of  a  lattice  of  rigid,  non-polarizable  ions 
which  interact  through  long-range  electrostatic  and  short-range  repulsive 
forces.  The  short-range  interaction  terms.,  whose  physical  origin  is  a  re¬ 
pulsion  between  overlapping  electronic  distributions,  fall  off  rapidly 
with  distance,  and  are  included  only  for  nearest  neighbors  in  this  model. 
The  Coulomb  forces  between  ions  are  assumed  to  be  electrostatic  inter¬ 
actions  between  rigidly  spherical  charge  distributions  (i.e.,  "point" 
charges)  that  are  multiples  of  an  effective  electronic  charge,  Ze .  The 
polarizability  of  the  ions  cannot  be  properly  taken  into  account  with  this 
model,  however. 

It  would,  perhaps,  be  more  sophisticated  to  use  a  "shell  model" 
for  the  calculations;  in  that  case,  the  ions  of  the  lattice  would  be  as¬ 
sumed  to  consist  of  positively  charged  massive  cores  surrounded  by  mass¬ 
less  and  negatively  charged  spherical  shells.  In  the  simplest  approxima¬ 
tion,  the  cores  and  shells  would  be  assumed  to  be  coupled  by  a  scala: ,  iso¬ 
tropic  force  constant.  As  the  lattice  vibrates,  the  shell  and  core  wouxd 
be  assumed  to  retain  their  rigid  spherical  shapes,  although  it  would  be 
possible  to  generate  a  dipole  moment  on  the  ion  when  the  shell  and  core 


are  relatively  displaced.  Tvo  equations  of  motion  would  be  necessary 
for  the  (coupled)  system  of  cores  and  shells,  and  the  computational  labor 
would  be  increased.  Alternatively,  the  rigid  ion  model  would  probably  be 
improved  by  the  inclusion  of  more  than  nearest-neighbor  short-range  forces. 
In  addition  to  increasing  the  computational  difficulties,  both  of  these 
attempts  to  improve  the  model  have  one  common  disadvantage:  they  require 
an  increase  in  the  number  of  force  constant  parameters,  and  there  is  only 
a  limited  amount  of  experimental  data  available  that  can  be  used  to  fix 
these  phenomenological  constants.  A  more  complete  description  of  the 
physics  of  the  rigid  ion  model,  and  the  successes  it  has  for  predicting 
various  experimental  quantities,  car.  be  found  in  the  original  sources^1^  ^ 
Many  of  the  formal  details  that  are  relevant  to  the  present  calculation  of 
phonon  eigenfrequencies  and  eigenvectors  are  omitted  in  the  work  of  Gane- 
san  and  Srinivasan^ ^ ,  and  shall  be  described  in  more  detail  here. 

The  ultimate  aim — the  numerical  calculation  of  some  of  the  phonon 
Green's  functions  G°g(  £<  .  i '  < '  ;us+ie }  given  by  (3-32)  -  (3 -37),  requires  a 
good  model  for  the  pure  CaF2  lattice  dynamics.  The  accuracy  of  these  cal¬ 
culations  may  be  impaired  by  one  difficulty  that  cannot  be  simply  remedied 
in  either  the  rigid  ion  model  or  the  shell  model.  Namely,  the  harmonic 
approximation  itself  may  be  inadequate  to  describe  the  unperturbed  modes 
of  pure  Ca?2  no  matter  which  of  these  models  is  used,  or  how  detailed  the 
force  constant  assumptions  may  be.  It  is  possible  that  anharmonic  inter¬ 
actions  are  not  completely  negligible ,  and  that  each  of  the  modes  of  the 
pure  lattice  will  have  a  broadened  frequency.  This  could  have  the  effect 
of  smearing  out  some  of  the  structure  in  Gu(io+ie),  or  perhaps  e,ren  of  al¬ 


tering  the  results  more  drastically.  There  are,  in  fact,  indications  from 
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the  infrared  reflectivity  spectra  of  pure  GaF2  that  the  harmonic  approxi¬ 
mation  is  lot  completely  adequate  to  describe  the  modes  of  CaF2  accurately 
The  inclusion  of  the  effects  of  anharmonic  broadening  would  require  that 
we  abandon  nest  of  the  simplifying  features  of  the  harmonic  approximation, 
and  would  lead  to  a  complicated  many-body  problem.  To  make  this  improve¬ 
ment  in  the  formalism  would  not  be  a  trivial  matter;  to  include  anharmonic 
effects  properly,  it  is  necessary  to  work  with  a  coupled  heirarchy  of 
Green's  function  equations,  as  we  mentioned  earlier.  Phenomenologically, 
we  could,  perhaps,  extend  Eq.  (3-28)  by  including  a  damping  term  in  the 
equation  of  motion  (2.12)  for  the  pure  lattice  dynamics.  I.e., 


Z  f. .u«.iv)i  +  i°ouv) 

£V  clt  di 


U  0 

(6.1) 


which  would  lead  to 


G°  (w)-1  =  (M0u/_  $°)  -4-  ccoT; 


(6.2) 


The  resulting  secular  equation. 
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+  L^axr'(  k 


)  o>  ]  = 


(6.3) 


where 


')W.(k)  =  <  k<r  I  M:,/sLro  M0'Vz  I  *<r'>  (6.4) 


i 


is  a  9  x  9  matrix  that  would  define  the  broadening  of  the  phonon  modes  at 
any  wave  vector  k.  There  is,  however,  no  obvious  way  of  obtaining  the  form 
of  y  from  data  available  for  the  crystal;  the  experimentally  available 
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parameters  give  very  little  detailed  information  about  the  broadening  of 

phonon  modes  throughout  the  Brillouin  zone.  Without  going  into  detail, 

it  is  instructive  to  make  the  observation  here  that  a  formal  quantum  mecha- 

( 52) 

nical  treatment  of  the  enharmonic  crystal  could  be  represented  by  a 
Dyson  equation  that  relates  the  actual  Green's  function  (propagator)  of 
the  pure  crystal  to  the  harmonic  Green's  function  and  a  proper  self-energy 
function  II(u) : 


G 


o 

actual 


qO  _  0O 

Jharm  harm 


n(u) 


G 


o 

actual 


(6.5) 


or 

G°(m)_1  =  (M  u2  -  4°)  +  n(u>)  (6.6) 

o 

This  is  completely  analogous  to  the  formal  result  obtained  in  the  treat¬ 
ment  of  averaged  Green's  functions  for  the  disorder  problem  (Eq.  (5-6)), 
although  the  ,:proper  self-energy"  in  the  two  cases  are  not  the  same.  The 
proper  self-energy  n(w)  will  have  both  real  and  imaginary  parts,  and  in 

addition  to  adding  a  damping  to  the  modes,  it  will  also  renormalize  the 
( 5? ) 

frequencies''  .  The  renormalized  frequencies  are,  of  course,  those  tnat 
would  be  observed  experimentally  (e.g.,  in  neutron  scattering,  optical 
spectroscopy,  etc.).  Note  the  similarity  between  (6.6)  and  the  phenome¬ 
nological  form  (6.2). 

Because  of  the  severe  complications  that  would  be  involved,  no  at¬ 
tempt  will  be  made  to  include  broadening  in  the  model  for  pure  Caf^.  The 
harmonic  approximation  permits  the  calculation  of  the  pure  Green's  func¬ 
tions  from  the  spectral  forms  (3.32)— (3- 3T ) -  The  neglected  effects  of 
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anharmo..±c  broadening  probably  represent  a  more  serious  limitation  on  the 
accuraey  of  the  calculated  Green's  functions  than  the  choice  of  model  to 
be  used  here.  At  low  tenperatur  . ,  where  the  vibrations  of  the  nuclei  are 
small,  the  anharmonic  interaction  effects  are  reduced,  and  we  can,  there¬ 
fore,  hope  to  minimize  those  effects  by  carrying  out  the  calculations  fol¬ 
low  temperatures  (n.  b°K). 

Later,  when  the  averaged  Green's  function  methods  are  applied  ti  the 
optical  properties  of  the  mixed  fluorites,  it  will  be  necessary  to  include 
(in  a  somewhat  sloppy  way)  an  intrinsic  width  for  certain  k  =  0  optic 
modes  ir.  pure  CaFg.  This  can  be  done,  as  remarked  above,  by  including  an 
imaginary  part  y/2  with  the  phonon  frequency  w0.  The  earlier  discussion 
of  analyticity  properties  specifies  that  this  phenomenological  damping 
should  be  represented  by  a  pole  in  the  lower  half- plane  for  the  retarded 
Green's  function  description;  i.e.,  the  broadened  mode  should  be  repre¬ 
sented  by  the  complex  frequency  (u0  -  iy/2). 


1)  Short-Range ,  Non-Coulombic  Contributions 

The  present  model  includes  short-range  forces  between  nearest-neigh¬ 
bor  fluorines,  nearest-neighbor  calciums,  and  between  a  given  calcium  and 
its  nearest-neighbor  fluor.  nes.  Symmetry  techniques  can  be  used  to  deter¬ 
mine  the  general  forms  of  the  nearest-neighbor  force  constant  matrices. 

The  reduction  is  carried  out  by  examining  the  interrelation  between  the 
elements  )  expressed  by  (2.29)  for  the  group  gf  of  elements 

that:  l)  leave  the  crystal  i.. variant,  and  2)  leave  the  pair  of  sites  [l<) 
and  (£'<')  invariant.  For  the  following  discussion,  we  shal]  label  the 
arguments  of  the  force  constant  matrices  as  ,k  ,k  '  ^  ’  an<i 
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shall  express  the  components  of  the  vector  (S^,  -  5^)  in  dimensionless 
Iinit-s  for  which  rQ,  the  F-F  separation,  is  taken  to  be  unity  (cf.  Fig. 2.1) 
The  group  S'  of  symmetry  operations  for  the  nearest-neighbor  calcium- 
fluorine  interaction  is  C3v,  consisting  of  E,  2C3,  and  3c.  The  two  C3 
operations  are  the  1120°  rotations  about  a  (lll)-axis  Joining  Ca  and  F, 
and  the  three  reflection  planes  are  the  (llO)-planes.  From  these  opera¬ 
tions,  it  can  be  shown  that  contains  only  two  independent 

constants,  and  all  of  the  other  force  constant  tensors  pertaining  to  the 
nearest-neighbor  Ca-F  short-range  interaction  can  then  be  obtained  from 
«°<!sA,i5;Ca,F)  by  using  (2.28)  with  appropriate  rotation  operations: 


i  al 

1 

61 

"Bi! 

*s;Ca,F)  = 

-  :  6i 

1 

al 

i 

zx> 

II 

®°(  *5.  H.-^iCa.F) 

i  -Bi 

-B1 

ai! 

!  ai 

-S1 

~Bi! 

h,  *s;Ca,F)  =  - 

!  -Si 

1 

al 

»i!  = 

1 

!  -si 

Si 

ai! 

1  a- 
1  j. 

1 

81 

Bi! 

®°(  h,  h,  HiCa.F)  =  - 

i  h 

1 

al 

Bi!  = 

1 

^°(-h,~h,-hiCa,F) 

i 

Si 

ai! 

!  ai 

-81 

Bij 

*°(  h,-h,  *s;Ca,F)  =  - 

!  "S2 

1 

al 

■Bii  = 

h,-h-,Ca,F) 

81  “81  al 


-126- 


ior  the  nearest-neighbor  calcium  ions  along  the  (llO)-directions , 
the  symmetry  group  is  C2y,  with  the  operations  E,  c, .  The  re- 
suiting  force  constant  matrices  are 


"5°(  1,  1,  0;Ca,Ca)=  - 


!  62 


i  Yc 


Y2  0 


s2  0 


0  0 


*°(-!.-l,  OiCa.Ca) 


<l>0(  1,  0,  l;Ca,Ca)=  - 


!  B2 
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I  Y2 


0  Y, 


a2  0 


o  e. 


=  *°(-l,  0,-l;Ca,Ca) 


*°(  0,  1,  l;0a,Ca)=  - 
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82  ^2 
Y2  62 


=  *°(  0,-1 ,-l ;Ca,Ca) 


!  °2  0 


*°(  0,-1,  l;Ca,Ca)=  - 
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(6.8) 


*  «°(  0,  l,-l;Ca,Ca) 
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=  ( -1 ,  1,  0;Ca,Ca) 
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Finally ,  for  tl.  nearest-neighbor  fluorines  the  symmetry  group  is 
^2v>  an<^  leads  to  the  following  forms: 


«°(l,0,0;F,F)  =  - 


03  0  0 

0  63  0 

0  0  6? 


=  *°(-l,0,C,F,F) 


S°(0,1,0;F,F)  =  - 


e3  0  0 

0  0(3  0 


is  *°(0,-lf0}FfF)  (6.9) 


0  0 


$°(0,0,1;F,F)  =  - 


63  0  0 

0  60  0 


0  0  a- 


=  •°(0,0,-l;F,F) 


The  "self"  force  constant  matrices  *°(0,0,0;Ca,Ca)  and  «°(o ,0,0;F,F)  can 
be  calculated  from  the  condition  (2.13)  that  resulted  from  invariance 
under  rigid-body  translation: 


®  (0,0,0;Ca,Ca)  =  k1  a  +  2Sg  +  a2)*"l 
$°(0,0,0;  F,  F)  =  2( 2a^  +  263  +  a^)-! 

They  are  multiples  of  '  V.e  unit  matrix,  which  we  would  expect,  since  the 
vector  (0,0, C)  has  the  full  0h  symmetry.  The  short-range  force  contri¬ 
butions  to  the  Fourier-transformed  dynamical  matrix,  Fq.  (2.1*5),  become 
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,(kjl,l)  =  m  [^ttl  +  “  COr!  kx  cos  ~  cos  ccs  ^z) 

Co, 

+  a2(l  -  cos  ky  cos  kz)j 


D®’(k|l,l)  =  -  y2  sin  k  sin  k. 


x  y 
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Dxx(kl 


1,2)  =  -  — -  1  Tcos  %kx  cos  cos  igkz  + 

4CanV  L 


i  sin  ^k  sin  %k  sin 


in  Jskzj 


sr  -*■  _ 

D  (k|l,2)  =  — — — -  [sin  ijkx  sin  ^k  cos  ^k2  + 


i  sin  ^kz  cos  ^kx  cos  ^  j 


d"(£|2,3)  = 


"  lHa3  ccs  kx  +  s3(cos  V  +  cos  kz>] 


D”(S|2.3) 


(6.11) 


d^(2|i.3) 


D-(k|l,2)* 


^(£12,2)  =  D"({|3.3)  =  ~  (“3  +  263  +  2a,) 


with  all  other  elements  determined  by  cyclic  permutation  of  x,  y,  and  z. 

The  components  cf  the  k-vector  appearing  in  (6.11)  are  expressed  in  the 
dimensionless  units  for  which  rQ  (the  F-F  separation)  is  chosen  to  be  unity. 
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2 )  Long-Range  Coulomb  Contributions 

±n  the  harmonic  approximatior  the  quadratic  truncation  of  the  (l/.r) 
Coulomb  forces  leads  to  a  sum  of  dipole-dipole  interactions  distributed 
over  the  entire  lattice.  In  the  present  model,  the  charges  on  -.he  rigid, 
non-polar i zable  ions  are  assumed  to  be  +2Ze  for  the  calciums,  and  -Ze  for 
the  fluorines,  where  Ze  is  an  effective  charge  vhich(along  with  the  other 
ns^ants  ct-^,  8]_ ,  <*2»  ®2»  ^2’  a3’  an<^  83)  wiH  later  be  determined  from 
experimental ly  observed  parameters.  Since  the  ions  are  assumed  to  be  ri¬ 
gid  and  non-polar i zable,  the  dipole  moments  arise  purely  from  mechanical  ' 
displacements  from  equilibrium.  From  the  expansion 


_J _  =  1 

I  r  -H  u  |  r 
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it  is  possible  tc  express  the  total  Coulomb  potential  energy 
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(6.12) 

in  the  harmonic  approximation.  Here,  i  and  j  refer  to  ion  sites,  and  3, 
and  Uj  represent  displacements  from  the  equilibrium  positions  and  %y 
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The  Coulomb  energy  must  be  expressed  as  a  quadratic  form  in  the  displace¬ 
ments  , 


1 1 


and  comparison  with  the  expansion  (6.12)  yields 


Cm ) 


QiQ4-f3Cg:-RJ)CR;-KJ0  _i?  (  } 

I  R;  —  Rj  I*  J 


=  o 


(6.13) 


Thus,  the  Coulomb  eni  rgy  in  the  harmonic  approximation  is  formally  equi¬ 
valent  to  a  sum  of  (  \pole-dipole  interactions  between  dipoles  Q.jU.  and 
QjUj  at  sites  i  and  j. 


(6.1k) 


The  ulomb  contribution  to  the  Fourier-transformed  dynamical  matrix  (Eq. 
(2.45))  becomes 


DC~*(S|  KX) 


q«qk-  y  e— +?«•) 
(M1CM,-V,i  4  |Kt  +  rKK.|* 


'  (5t  +  Ckk'  XRj-t-'W)  _  ^  1  (6 

L  I  H-  f,CK'  |Z  J 


where  r  ,  =  (I^-S  ,),  and  where  the  1  on  the  sum  means  th.'.t  terms  for 
which  |Rj  +  rKK,|  =  0  are  to  be  omitted.  The  summand  falls  off  as  l/R^ 
at  large  distances,  but  since  the  area  of  a  spherical  she .1  goes  es  , 


-131- 


the  sum  fails  off  only  n,  l/R^.  However,  the  convergence  is  assisted  by 
the  phase  factor,  exp[-ik-(^  +  which  oscillates  rapidly  as  t 

increases,  and  by  the  dyadic  expression  in  curly  brackets  (an  angular 
factor  which  has  Y2jm  symmetry)  and  whose  contribution  over  a  large  sphere 
tends  to  average  to  zero.  The  convergence  of  (6.15)  is  extremely  slow, 
and  ask  +  0,  the  sum  is  only  conditionally  convergent  and  depends,  in  a 
---mi-tin&  HS£»  on  the  direction  of  anproac h  to  the  origin.  We  shall  re¬ 
turn  to  this  point  later,  when  we  discuss  the  splitting  of  the  Flu  £  =  0 
modes  of  CaF2  into  longitudinal  and  transverse  branches. 

In  order  to  evaluate  the  Coulomb  contribution  (6.15)  to  the  dynami¬ 
cal  matrix  D°(kjK<’ ),  it.  is  convenient  to  use  techniques  formulated  by 
Nijboer  and  Do-  Wette^173)  for  a  general  class  of  lattice  sums.  These 
are,  essentially,  the  Ewald  sum  methods,  and  are  necessary  for  converting 

the  slowly  converging  series  (6.15)  into  a  form  suitable  for  numericel 
computation. 

No  attempt  will  be  made  here  to  elaborate  on  the  generality  of  the 
techniques,  nor  to  provide  complete  motivation  for  all  of  the  steps  in 

the  derivation,  since  excellent  discussion  is  available  in  the  original 

(173) 

source  .  The  development  below  will  contain  only  those  steps  that 
are  relevant  for  an  evaluation  of  the  specific  type  of  lattice  sum  that 
arises  in  the  expression  (6.15)  for  Dcoul(kj kk ' ) .  Consider  the  sum 


S(S,w)  = 


3  i  l  (6.16) 


which  can  be  written 
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5  ( t,  rKK<) 


I  r  I3 


Y  Y 
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(6.17) 


where 


w  (7,  "le  ) 


1  e  lk-r 
I 


(6.18) 


with  the  primes  on  the  sums  again  indicating  that  a  term  is  to  be  omitted 
if  (R^  +  r<(C  i )  -  0.  Since  the  vector  r^,  has  the  physical  meaning  of  a 
relative  displacement  of  two  ions  k,  <’  within  a  unit  cell,  it  is  clear 
thau  no  primitive  translation  vector  Rs  can  make  (R.  +  ?  , )  =  0  unless 

^  tc  tc 

*f  . 

rK(Ci  =  0  (i.e.,  <-<').  The  primes  on  the  sum  thus  refer  only  to  that 
case.  (Note  that  the  function  S(k\r<<()  is  a  dyadic  quantity.) 

Introduce  an  auxiliary  function  3*(r),  and  split  the  sum  S(.t,r|CK.  ) 
into  two  terms: 


SCS.W)  = 
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w(r,k) 


i  |  3*(?) 


i  rr  i  a 

!  •  i 


(6.19) 


The  function  S*(r)  shall  be  chosen  tw  ha.-c 
the  necessity  for  these  should  become  apparent 


properties,  and 
as  the  derivation  progresses: 


i)  3&(r)  is  a  rapidly  decreasing  function  of  jf*' j , 
ii  )  o*(?)  is  finite  at  the  origin, 

iii )  x^)  )/r3  is  slowly  varying  at  the  origin, 

iv)  3&(r)  is  otherwise  arbitrary. 

Further considerati  ns  discussed  subsequently  will  lead  to  a  convenient 
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ultimate  choice  for  the  function  9lr) .  In  the  separation  of  S(iE,?^,l 
above,  the  first  term  in  (6.19) 

S,  -  7  — r".  J a  wX^t-Kia-)  ±  j  ~Ltv  ,  ?  1 

(6.20) 

will  converge  rapidly,  because  of  the  factor  *(?),  while  the  second  term, 

&.«  7,£^^J,(?1+?„X?1+r«,.)  .  )  r, 

i  lRt+7„.|*  1  ~li;  +  7«.|*  1P1  3'(K<+|w)j 

(6.21) 

Will  converge  no  faster  than  the  original  expression  for  S(tst<K , ) .  How¬ 
ever,  we  can  exploit  Parseval’s  theorem  (for  a  discrete  lattice)  to  trans¬ 
form  the  sum  S2,  which  is  slowly  convergent  over  the  real  lattice,  to  * 
form  which  converges  rapidly  over  the  reciprocal  lattice.  The  general 
Philosophy  of  this  technique  is  based  on  the  property  that  the  Fourier 
transform  of  a  smooth,  slowly-varying  function  will  decay  rapidly  in  "mo¬ 
mentum  space".  The  ultimate  choice  for  the  function  *(?)  will  thus  be 
based  on  the  objective  of  making  the  Fourier  transf  rm  of 


__1 - j  ^  (RttfuK-K+rm-)  |  r,  -| 

R(  +  W|5(  +  t k,|*  ~1}  t1  ~  rKK')j 


decrease  as  rapidly  over  the  reciprocal  lattice 


creases  over  the  real  lattice.  The  second  t 


e  as  the  summand  of  de- 


v-erm 


S2  =  j  *  ^{3^ -lj  [!-»(?)] 


(6.22) 


can  be  written  as  an  integral  over  momentum 
theorem.  If  we  define 


space  by  using  Parseval 1 s 
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(5Fj 


_ih  •  r  _  . 

dr  e  w  (r,  fe  ) 


(6.23) 


^(h)  = 


,-+  -On-r  < 
dr  e  _!_ 
r3 


p-  -  ij  [i 


(6.26) 


then  Pa^seval's  theorem  states  that 


—  j"  w(it,£)<j(k) 


(6.25) 


-he  form  of  the  Fourier  transform  of  w(r,k),  which  will  be  derived  below, 
makes  explicit  the  connection  between  Parseval's  theorem  and  the  duality 
that  allows  a  sum  over  a  discrete  lattice  to  be  transformed  into  a  sum 
over  its  reciprocal  lattice.  It  is  convenient  to  define  a  new  functic. 
w(r,k)  by 

wCr.Sj  -  e~iS-7Z  S (r-Rj-w)  =  «/(?,?)+  S«K- S(T ) 

X 

(6.26) 

Note  that  (6.26)  here  contains  no  '  on  the  sum,  as  (6.18)  did.  Then, 
since 


eiS'7w(7k)-  J_  Hr  -  R,  -  r,,,,') 

l 


(6.27) 


is  a  periodic  function  of  r  over  the  lattice  ,  it  can  be  expanded  in 
Fourier  series  as 


e‘^'T  w  (r,  k  )  =  2  rKK.) 


(6.28) 


vh-re  the  vectors  ^  are  the  reciprocal  lattice  vectors,  defined  by  (2.6). 
If  this  expression  is  multiplied  by  exp(-ihr?)  and  integrated  over  the 
total  volume  c.  the  crystal. 


Z  v  *,?«.)  j 


.  .  — *  — ♦  . 

_  -i(h  -in 

dr  e  r  1 

then  by  using  the  relation 


dr  G  Ur-^-r^) 


c  Tyj+m.1 


dr 

e.vyst»| 


7 


=  ns 


v 


we  obtain 


axcs, ?...)«  ~  Z  j  <*re‘K,rsc?-R1-v«,.) 


(6.29) 


cryita.i 


where  0  is  the  volume  of  the  crystal.  The  coefficients  A  ,)  reduce 

A  KK 


to 


Ax(k,rKK.)  =■.  J-2.  e 

it  l 


\  T  -‘K*  (Kx+Tkk.) 


=  <0_thA‘  W 

n 


“  t!t  e*p(-  «<"*•  w) 


Thus,  the  function  w(r,k)  can  be  expressed 
lattice. 


(6.30) 

as  a  sum  over  the  reciprocal 


n* 

w 


— *■  ^ — . 

/  -*  r*  y  I  —  i  R  •  r  >  r  T*  ,  -*  -*•  i 

C  r,  k  ;  =  -  e  L  **P  [  (  r-  rKK.)l 

uo-  \  "* 


(6.31) 
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and  the  Fourier  transform,  v(h,k),  can  also  be  expressed  as  a  sum  over 
the  reciprocal  lattice, 


■w  (  h ,  k  )  —  —  ^  K"^4-  fe-  hA)  e  r|iK' 


^  X 


(6.32) 


From  this  expression  f^r  w(h,k),  it  is  apparent  from  (6.25)  that  the  term 
S2  can  he  transfoimed  into  a  sum  over  the  reciprocal  lattice  of  the  crys¬ 
tal.  If  the  function  &(?)  is  chosen  to  be  a  function  of  |rj  only,  then 
the  transform  function  i(h)  defined  by  (6.21*)  can  be  further  simplified 
by  carrying  out  the  angular  part  of  the  integration  with  the  aid  of  the 
addition  theorem  for  spherical  harmonics.  The  separation  of  the  integra¬ 
tions. 


(6.33) 


involves  the  evaluation  of  an  "angular  part", 


(6.31+) 


which  can  be  expressed  in  the  form 


**  n.x  r  — -  •  r 

I(S,7)  =  _1_  _e - 

!  r  +  p 


16.35) 


*4 

e"1  *r  =  Z  ^  &*+  0  3i(Wr)  P,  (fi.Ar) 


Expand 


-13  i- 


and 


r  4- 


y  Jt  +  I  *  r  y 


4 

for  p  <  r.  Then 


dQ- 


i  h  .  i 


1  r  4-  pi 

X  (-‘)£  i£(2£+|)_fl_  ^rhrN  r 


XX' 


r  P*(&.r)Pr(w) 


which  can  be  simplified,  with  the  aid  of  the  orthonormality  relation 


dll?  ^CK.  r)  Pr  (r-p  )  =  Su>  PtCK-p")  (6.36) 


to  give 


I  f 


4tc 


dXl^r 


a—  i-H .  r 


p 


Expansion  to  0(p2)  yields 


4tc 


cLQ,- 


‘hr 


Pi 


~  3oCHr) 


1  :  /  u  \  h 

7  J.O)  p*  77 


Zri 


-*)•?  + 


and  with  (6.35),  leads  to  the  result  that 
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(6.37) 


Hence , 


00 


3<^>  =  -4"(3p--  l){  y,(r)] 


(6.38) 


A  Judicious  choice  for  3*(r)  -  jfr(r)  is  the  "incomplete  gamma  function,' 


>(r)  =  r(5/z;ccr*)/r(5/2) 


(6.39) 


where 


r(«;x)=  f 


dt  e- V  "’ 


J 

% 


This  form  for  3<(r)  will  he  shown  to  have  the  desirable  properties  that 
both  3*  (r)  ana  the  integral  arising  in  (6.38)  are  rapidly  decreasing  func¬ 
tions  of  their  arguments.  The  constant  a  is  completely  arbitrary,  and  can 
be  conveniently  chosen  to  make  convergence  in  the  two  sums  S-^  and  S?  equal¬ 
ly  rapid.  The  integral  in  (6.38), 


f  £j»0>r)[l-SKr)]  =  [ 

*  I  f 


r  ($/ z) 


dt  «*t* 


can  be  rewritten  with  a  change  of  variables,  p  =  hr  and  t  =  ar2u2,  as 


o 
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Use 


o 


to  obtain,  finally. 


(6.1»0) 


The  sum  S2  becomes 


Sj  =  j  w(h,te)cj(ft)  + 

Skk'I  <*rS(.r)±[  1-24(0]  (3^-l) 

Since 


f,[l-3W] 


as  ?  ■+  0,  the  second  term  with  61  vanishes,  and  S£  becomes,  upon  sub¬ 
stitution  of  (6.32)  and  (6.1+0), 


S* 


Y  -‘^VW  -iZx-KfA* 

- -  Zj  e  e 

3v*  T 


(Hx-fe)(hx-k) 

1  l^-SI2 


(6.1+1) 


3Mr)  can  be  expressed  in  terms  of  the  "complementary  error  function," 

>(0  =  Erfc(r/5T)+  Zr  (l-t-f«rl) 


(6.1+2) 


and  we  obtain,  finally. 


5  (*.*■«*)=  2-  — ^ —  1 3  Rz  2K'^Ri+ rKK'^  _  i 
l  lR«  +  r««'l  (  I  Rt+  ?kkT 


X 


[  Erfc I  Rt  +  2 1  R,  +  r„.|y»~  e  "*  "^(l+^lRj+Wl1) 


-  ±i  y  f  a  (^-kx^-s)  _  i 

A  I  I  —  ?  I1  J 


(6. Ill) 


The  sum  S(S,?K|(,)  is  thus  expressed  as  two  sums,  on,  over  the  real  lat¬ 
tice,  and  the  other  over  the  reciprocal  lattice,  and  both  sums  are  rapid¬ 
ly  converging.  In  order  to  make  the  two  aeries  converge  about  equally 

rapidly,  a  value  of  a  •  e/2  was  chosen  for  actual  computer  calculations 
(the  details  of  which  can  be  found  in  an  appendix). 

The  Coulomb  contribution  to  the  dynamical  matrix  involves  only  three 
lattice  sum  functions  S(?,r  ,): 


2.2 


Dcoul(k|l,l)  -  -  -|-e  ■  S(k,{000}) 

Ca 

B-itflP.*,  .  _  saUcooDapd-ui^^ 
DC0Ulfi|l,2)  *  2  Stk.P&y)  =  Dcoul(kl?  1)' 


mCamF 


DCOUl(kjl,3)  =  Dc°^(k|3,i)*  -  DCoul(Jj2!i; 


DCOUl(I?|3,2)  =  -  ££  S({,{100))  =  Dcoul(^|2,i 


>2.2  ~ 


3) 


(6.kk) 


We  have,  by  means  of  (6.11)  and  (6.1*1*),  obtained  the  complete  ex¬ 
pression  for  the  Fourier  transformed  dynamical  matrix  D°(k| <<') .  The 

phonon  eigenfrequencies  uw-  and  eigenvectors  w(ic|icg)  can  be  obtained  for 

ko  1 

any  wave  vector  k  by  means  of  (2.5*0.  All  that  remains  is  the  determi¬ 
nation  of  the  model  parameters. 


3)  Long-Wavelength  Optic  Mode s 

At  this  point,  it  is  instructive  to  examine  the  form  of  the  k  =  0 


modes  in  more  detail,  in  order  to  illustrate  the  remarks  made  earlier 


about  the  splitting  of  the  degeneracy  of  the  optic  modes  into  trans¬ 
verse  and  longitudinal  branches  by  the  long-range  Coulomb  field.  If  we 
split  off  the  term  for  which  X  =  (0,0,0)  in  expression  (6.1*3),  then  as 
k  -*■  0,  we  will  be  left  with  two  absolutely  (and  rapidly)  convergent  sums 
that  each  approach  zero.  (This  is  a  consequence  of  the  fact  that  both 


sums  contain  an  angular  factor  of  Y2  o  symmetry,  and  there  exists  no 
linear  combination  of  the  spherical  harmonics  Y2  m  that  has  cubic  sym¬ 
metry.  )  Thus,  as  is  -*■  0,  only  the  X  =  (0,0,0)  term  remains,  and  (6.1*3) 


becomes 


lim  3(it  ,r<1(,  t )  =  -(W3va)  £3  -  lj  (6.1*5) 

and  this  dyad  clearly  depends  upon  the  direction  of  approach  as  we  take 
— ► 

the  limit  k  -*■  0.  Therefore,  the  Coulomb  contribution  to  the  dynamical 

matrix  D°(k.-*-0 1 « ' )  will  also  display  this  property  as  k  becomes  small. 

2 

However,  the  eigenvalues  do  not  depend  upon  the  direction  of  approach 
(it  would  be  shocking  if  they  did'.).  The  dyad  (3  -  l)  can  be  taken  to 


define  a  set  of  axes  with  one  longitudinal  vector  parallel  to  k,  and  two 
(arbitrarily  selected)  transverse,  orthogonal  vectors  that  are  perpendi¬ 
cular  to  k.  In  that  cartesian  system,  the  dyad  is  diagonal,  with  eigen- 


values  respectively  2,  -1,  -1.  The  dynamical  matrix  D'(k-*-0|«')  splits 
into  three  independent  blocks,  when  it  is  partition  into  boxes  accord¬ 
ing  to  the  longitudinal  and  transverse  vectors  defined  in  the  above  way: 


lim  D°(k) 
k+Q 


LO  TO j  TO ? 


(6.1*6) 


The  matrices  d  (toe1)*  v  =  1,  2,  3,  are  all  3x3,  with  rows  and  columns 
labeled  by  the  basis  indices  k,  k'  =  1,  2,  3.  They  are  given  by 


U 


where 


-?.Kv  -  2tv 

1 

k')M^ 

— 

-iu 

(6.1*7) 

-2<v 

V. 

u  -  %  \ 

✓ 

- 

(  2. of, 

+  MV) 

p-  zV) 

*(«, 

3va  / 

(6.U8) 

*  = 

+  + 

) 

and  where  X(v)  =  2,  -1,  -1  for  v  =  1,  2,  3  are  the  eigenvalues  of  the 


dyad  (3  —x  -  1).  Because  the  dynamical  matrix  has  split  into  three  inae- 
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b  .locks ,  it  -  an  be  diagonalized  separately  for  each  of  the  three 
"subspaces  Clearly,  since  the  matrices  d.,  and  ^  are  identical,  the 
eigenfrequencies  for  the  two  transverse  polarizations  will  be  the  same. 
1*  xs  straightforward  to  obtain  the  secular  equation. 


(6.1*9) 


from  which  we  can  obtain  the  eigenfrequencies  of 


the  optic  modes ; 


<t  _  4 


ulp  = 


UJ 


(<*.  -4-  4-  ip*) 

"*  =  +  =b]  (*«■-  57,2V) 


oo 


LO 


[ 


m. 


2 

™Ca 


](*«.+  §^ZV) 


(6.50a) 

(6.50b) 

(6.50c) 


R  is  the  frequency  of  the  triply  degenerate,  Raman-active,  F2g  mode;  WTQ 
is  the  frequency  of  the  double  degenerate,  IB-active,  transverse  .ode; 
“d““  is  the  frequency  of  the  longitudinal  Flu  mode,  split  fro.  o^. 
These  expressions  could  have  heen  obtained  fro.  (6.1,7)  directly  by  using 
the  vectors  *6-0, or)  for  the  k  =,  0  .odes  given  earlier  by  (2.71).  Eq, 
lb. 50)  for  these  three  frequencies  supplies  three  relations  that  can  be 
used  later  to  help  determine  the  parameters  of  the  rigid  ion  model.  The 
above  demonstration  has  been  somewhat  formal,  and  does  not  really  illus¬ 
trate  the  physics  Involved,  which  we  shall  discuss  below. 

The  (harmonic  oscillator)  equations  of  motion  for  the  ions  are 
£2HEled  to  the  Maxwell  equations  for  the  electromagnetic  field,  whenever 
the-e  is  a  macroscopic  polarisation  field  induced  by  the  lattice  vibra¬ 
tions.  Even  in  the  electrostatic  approximation,  for  which  the  Coulomb 
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interaction  is  treated  as  instantaneous,  the  existence  of  an  induced  po¬ 
larization  for  any  mode  vill  lead  to  a  splitting  of  the  degeneracy  between 
the  longitudinal  and  transverse  branches  of  that  mode.  It  is  the  exis¬ 
tence  of  <?ueh  s_-  — ompanying  polar’ zation  field  that  is  responsible  for 
the  splitting  of  tht  k  =  0  Flu  optic  mode  in  CaFg  which  was  described 
earlier.  For  the  Raman-active  F2g  mode,  for  which  no  polarization  is 
established,  no  extra  complication  of  this  kind  arises.  One  of  the  con¬ 


veniences  o 1  studying  first  order  Raman  scattering  from  crystals  with 
inversion  symmetry  is  that  the  Raman-active  modes  in  such  substances  are 
not  complicated  by  the  presence  of  such  an  electric  polarization  field. 
Let  us  shov  how  the  splitting  of  the  degeneracy  as  k  -*•  0  crises  in  the 
electrostatic  s.ppi  ximation,  for  which  only  part  of  the  Maxwell  equa¬ 
tions  are  retained,  viz., 


V.(E  +  4ttP)  =  0 
V  x  $  =  0 


(6.51) 


These  two  equations  imply,  respectively,  that  k-(E  +  >'-.P)  =  0,  and 

*  -f 

k  X  E  -  0,  for  wavelike  solutions  (in  the  present  case,  we  are  interested 
in  the  long-wavelength  solutions,  k  — ■ ►C).  Thus, 


E  =  0 


(transverse 


waves ) 


(6-52) 


E  -  -tap  (longitudinal  waves) 


For  an  F^  mode  in  CaFg,  the  equation  of  motion  for  the  ions  can  be  writ¬ 


ten  as 


~lh5- 


Mcol  uc<  4 

8  <x, 

(5c 

U. 

T  3 

1 

=  2Ze  E- 

mF  Up  4- 

—  lie*) 

=  -Z  eEi 

(6.53) 


where  we  have  invoked  the  fact  that  the  two  fluorine  sublattices  have  the 
same  displacement  (up)  in  such  a  mode,  and  where  I4  is  the  internal  elec¬ 
tric  field  developed  by  the  deformation.  In  the  rigid  ion  model  which  we 
are  using,  the  ions  are  non-polarizable ,  so  electronic  effects  are  ne¬ 
glected.  The  polarization  will  be  given  by 


P  = 


2Ze 

Vo. 


(6.54} 


and  for  systems  with  cubic  (or  higher)  symmetry,  the  internal  field  is 


E.  =  E  +  (I+tt/3 )  P 


(6.55) 


Thus,  from  (6.52), 

-*  -V 

Ej  =  (4tt/3)  P  (transverse  wave) 

(6.56) 

Ej  :s  —  ( 8ti / 3 )  P  (longitudinal  wave ) 

If  we  define  v  =  (uCa  -  up),  the  two  equations  (6.53)  can  be  manipulated 


to  give 


(6.57) 


We  can  immediately  identify  the  LO  and  TO  frequencies  from  this  equation, 


and  these  agree  with  the  earlier  result  (6.50).  This  derivation  shows  more 
clearly  that  the  splitting  is  an  electrostatic  effect,  and  "hat  the  origin 
of  the  frequency  difference  for  the  LQ  and  TO  branch  is  the  non-vanishing 
electric  field  (cf.  Eq.  (6.52))  associated  with  a  longitudinal  mode. 

Actually,  the  preceding  remarks  about  the  long-wavelength  optic  modes 
havi  not  been  completely  accurate,  for  the  discussion  up  to  this  point  has 
been  based,  essentially,  only  upon  the  equations  of  electrostatics.  Al¬ 
though  the  lattice  vibrations  have  been  treated  in  a  dynamical  way,  all 
of  the  time  dependent  equations  of  the  electromagnetic  field  have  been 
suppressed,  and  these  must  be  included  in  a  rigorous  treatment.  The  tacit 
assumption  in  the  development  has  been  that  there  is  an  instantaneous 
static  Coulomb  interaction  between  the  vibrating  ions,  and  only  lattice 
equations  of  motion  were  considered.  In  reality,  of  course,  the  Coulomb 
field  does  not  act  instantaneously ,  and  a  more  complete  description  of  the 
lattice  modes  in  an  ionic  crystal  requires  that  all  of  the  equations  of 
the  electromagnetic  ^ield  be  included  on  an  e'.ual  basis,  in  order  to  de¬ 
scribe  the  effects  of  retardation.  These  considerations  3ead  to  some  im- 
portant  phenomena  for  ‘  0  in  ionic  solids,  and  we  shall  summarize  some 

of  the  important  aspects  here. 

In  addition  to  a  splitting  of  frequencies  for  vector-like  modes,  the 
situation  near  k  =  0  is  further  complicated  because  of  retardation  effects. 
The  two  electrostatic  equations  really  describe  only  the  longitudinal  part 
of  the  electromagnetic  field,  which  is_  derived  from  the  instantaneous 
charge  sources  (i.e.,  the  instantaneous  Coulomb  field).  The  remaining 
Maxwell  equations,  which  must  be  reinstated  in  order  to  describe  iirpor- 
tant  phenomena  near  k  =  0  that  electrostatics  is  incapable  of  explaining 


constitute  dynamical  equations  “'or  the  transverse  radiation  field  (i.e., 
the  photon  field)  which  has  been  neglected  so  far.  In  a  region  near  k  =  0, 
when  the  dispersion  relation  of  photons  and  phonons  brings  the  frequencies 
of  these  two  systems  near  resonance  with  each  other,  there  can  0e  a  strong 
interaction  between  transverse  mechanical  waves  and  radiation.  The  exact 
solutions  to  the  equations  of  motion  for  the  coupled  system  of  vibrations 
and  the  electromagnetic  field  are  a  complicated  mixture  of  photon  and  pho¬ 
non  ("polaritons" )  in  tnat  region  of  k-space.  A  simplified  sketch  of  the 
situation  for  a  diatomic  lattice  is  shown  in  Fig.  6.6.  This  behavior  is 
discussed  in  much  more  detail  by  Born  and  Huang and  others >119, IT1*-? / 
and  leads  to  the  famous  Lyddane-Sac hs -Teller ^^6 )  form.la. 


=  CO. 


(fco/e. 


(6.58) 


where  and  cx  are  the  static  and  high-frequency  dielectric  constants. 

(1771  (119) 

It  is  shown  by  Cochran  and  Cowley'-1-1  ■'  and  by  Loudon  how  these  re¬ 

sults  can  be  extended  to  more  complicated  crystals — e.g.,  many  infrared- 
active  branches,  uniaxial  crystal  structure,  etc. 

For  Raman  scattering  in  crystals  lacking  inversion  symmetry,  the 
first  order  Raman-active  modes  will  display  these  complications  as  k-*  0. 
However,  typical  light  sources  used  in  Raman  scattering  have  k  20,000 
cm-^.  The  phonons  involved  in  right  angle  Raman  scattering  will  have  a 
momentum  k  7.  0  relative  to  the  Brillouin  zone  edge  (*'»  10^  cm-l),  but  it 
will  be  iar  to  the  right  of  the  polariton  mixing  region  shown  in  Fig.  6.6. 


Fig.  6.6:  Dispersion  curves  for  optical  waves  in  a  diatomic  lattice 
near  k  -  0.  The  dashed  lines  represent  phonons  tuid  pho¬ 
tons  without  interaction;  the  solid  lines  de^.x-ibe  the 
coupled  system  of  lattice  vibrations  and  radiation. 


**)  Determination  of  the  Model  Parameters 

The  rigid  ion  model  adopted  in  this  work  contains  eight  constants, 

Z,  ax,  B-l,  a2,  B2.  y2>  03 ,  and  1,.  In  order  to  determine  these  parameters 
it  is  necessary  to  relate  them  to  experimentally  measured  quantities.  Sq. 
(6.50)  for  the  k  =  0  optic  frequencies  provides  three  relations,  and  three 
others  are  supplied  by  the  expression  for  the  elastic  constants ( l65 ) . 


c„  = 

1 

[  «.  +  *Az  4  4  3  Z’e’  1 

Va  J 

(6.59a) 

1 

^0 

[  -2/S,  _  Zyz_£X|_2«2_^_  N  ZV 

2.  Va 

(6.5-0  b,- 

'-44  = 

1 

[  a,  4  Za2  4  +  ^3  _  3  zV 

(-£.  4  5  ZV/Va)* 


4  <*34  2£3 


(6.59c) 
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Foli owing  Ganesan  and  Srinivasan(l65 > ,  we  can  reduce  the  number  of  para¬ 
meters  from  eight  to  six  by  making  the  assumptions  that  a2  and  63,  the 
force  constants  for  displacement  of  two  calciums  or  two  fluorines  perpen¬ 
dicular  to  the  line  joining  them,  is  zero.  The  six  remaining  constants, 
Z’  V  h>  S2'  Y2,  and  a3,  can  then  be  obtained  from  experimental  know¬ 
ledge  of  Up,  uT0,  uL0,  Clx,  C,g,  and  C^.  The  Lyddane -Sachs -Teller  for¬ 
mula  (6.58)  is  usually  used  to  obtain  the  1,0  frequency  from  the  experi¬ 
mentally  measured  TO  frequency.  There  are  several  references  to  experi- 
mental  vork  on  the  optical'178'18^  an4  elMtic (183-135)  const<Lats  of  the 

fluorites  In  the  literature.  The  table  below  gives  the  values  of  certain 
parameters  for  Ca?2  at  low  temperature  (-v.  1»°K),  with  the  resulting  force 
constants  c^,  81,  02,  y2,  and  03  (in  units  f  e2/rQ3,  where  rQ  =  F-F  se¬ 
paration,  as  shown  in  Fig.  2.1)  and  effective  charge  Z. 


WR  ( cm-1 ) 

326 

(1 

II 

II 

II 

z2 

1 

1 

1 

1 

| 

.609 

UTQ  (cn_1) 

267a 

II 

II 

II 

n 

ai 

1 

1 

1 

I 

1.537 

UL0  (cc-1) 

l»72a 

11 

0 

11 

11 

si 

1 

1 

1 

1 

2.707 

co 

6.38a 

11 

11 

<1 

II 

n 

u 

u 

11 

S2 

1 

1 

1 

1 

•315 

2.Ql»7a 

r2 

1 

1 

1 

1 

.27b 

Cn  (dyne /on2) 

17. b  x 

1011  b 

11 

1? 

11 

11 

°3 

1 

1 

1 

1 

1.079 

C12  (dyne/cm2) 

5.6  x  1011  b 

11 

11 

11 

11 

1 

1 

1 

Cjji,  (dyne/cm2) 

3-59  x 

1011  b 

11 

11 

11 

1 

1 

1 

ro  & 

J _ 

2.725 

11 

11 

11 

ii 

11 

11 

il 

(1 

1 

1 

1 

1 

1 

1 

1 

Reference  179; 

O3)  Reference 

183 
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6.3  Theoretical  Calculations:  Cn,  Sr  f. 

—  ■  l-x  a‘ 2 

In  addition  to  a  physically  realistic  nu  del  for  the  pure  CaF  ,  lat¬ 
tice,  a  good  model  is  needed  to  describe  the  effects  of  a  substitutional 
Sr++  impurity.  The  calculation  of  the  proper  self-energy,  to  lowest  or¬ 
der  in  the  concentration  x,  can  be  carried  out  for  the  mixed-fluorite 
system  Ca^Sr^  by  using  Eq.  (5.12).  However,  in  order  to  make  the  com¬ 
putational  aspect  of  the  problem  manageable,  assumptions  have  to  be  made 
on  the  force  constant  changes  (induced  by  a  Sr++  impurity)  that  will  keep 
the  defect  subspace  as  small  as  possible. 

In  the  model  of  the  defect  to  be  adopted  here,  we  shall  assume  that 
the  long-range  Coulomb  forces  are  not  affected,  and  that  there  are  no 
force  c  ns t ant  changes  associated  with  the  short-range  interaction  be¬ 
tween  the  ++  ions.  The  defect  matrix,  vQ  =  (M  -  M0)o>2  -  ($  -  5°), shall 
be  constructed  from  the  following  assumptions: 

1)  The  mass  of  the  ++  metal  ion  changes  (Sr++  replaces  Ca++), 

2)  The  effective  charge  Z  does  not  change, 

3)  All  nearest-neighbor  short-range  interactions  (except  for 
that  between  ++  ions)  may  change. 

These  i equipments  lead  to  a  defect  space  that  contains  nine  atoms:  it  is 
an  XYg  complex,  consisting  of  the  ++  impurity  and  its  eight  nearest  fluo¬ 
rines,  as  shown  in  Fig.  6.7.  The  calculation  of  the  proper  seif-energy 
requires  the  evaluation  of 

VQ[l  +  g° (u  +ie  )vo]-\ 

which  is  of  order  27  x  27.  Even  with  the  present  simple  assumptions ,  the 
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dimensionality  of  the  impurity  subspace  is  quite  large.  Clearly,  without 
the  simplifications  that  point  symmetry  can  provide,  the  calculation  would 
be  a  formidable  task. 


Fig.  6.J :  Impurity  subspace. 

The  matrix  g°  is  the  Green's  function  (imbedded)  in  that  subspace, 
for  the  unperturbed  lattice.  Even  though  it  is  here  confined  to  the  de¬ 
fect  subspace,  g°  has  the  lull  symmetry  of  the  perfect  lattice — i.e.,  0^ 
point  group  symmetry,  and  also,  translation  symmetry.  The  simplifications 
that  group  theory  provides  are  tremendous:  instead  of  the  378  independent 
elements  that  a  general  (symmetric)  27  x  27  matrix  possesses,  g°  can  be 
shown  to  have  only  13  independent  elements.  The  transformation  properties 
for  g^g(f.K,Jl,<' ;u+ic)  are  the  same  as  those  expressed  by  (2.28)  for  4>°, 
and  the  reduction  of  the  27  x  27  matrix  g°  is  a  laborious  manipulation  of 
rotation  operations.  The  details  are  omitted;  the  final  result  is  dis¬ 
played  in  Fig.  6.8,  which  shows  the  most  general  form  that  g°  can  have  in 
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Fig.  6.8:  The  unperturbed  phonon  Green's  function  matrix,  containing- 
13  independent  functions  A,  B,  U,  V,  for  the  XYp  impu¬ 

rity  subspace  shown  in  Fig.  6.7.  The  sit-  labels  i ,J  =  0, 
1,  2,  ...,  etc.  refer  to  the  notation  in  Fig.  6.7. 
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the  impurity  subspace.  The  notation  0,  1,  2,  .  ..,  1,  2,  etc.  refers 
to  the  site  labels  introduced  in  Fig.  6.7*  The  numerical  calculation  of 
the  13  Green's  functions  A,  E,  . ..,  U,  V  is  described  in  the  appendix,  and 
the  real  and  imaginary  parts  of  these  functions  are  displayed  graphically 
there . 

The  defect  matrix  vQ,  and  also  vQ[l  +  g°(u)+ie)v0] ,  has  the  site 
symmetry  of  the  XYg  complex,  i.e.,  the  48  operations  of  the  0h  point  group. 
There  will  be  one  mass  change,  (mSr  -  mCa)»  and  three  force  constant  changes, 
6a^,  66^,  and  6a^  involved  in  the  defect  matrix  vQ  (refer  to  the  notation 
used  for  the  rigid  ion  model).  The  change  in  a-^  is  calculated  from  (6.50) 
using  the  \assumed  unchanged)  value  of  Tr  =  .609  and  the  value'*  of 
u)ij>0  =  225  cm-1  for  3rF2  (at  ^  4°K);  the  change  in  B-^  is  obtained  from 
(6.59b)  using  the  experimental  value^1®^  of  C12  =  ***T5  x  1011  dynes/cm2 
for  SrF2  (at  a.  4°K) ;  and  the  change  in  comes  from  (6.50a)  using  the 
experimental  value  of  oip  =  290  cm-1  for  SrF2  (at  ^  4°K).  The  masses  cf 
Ca  and  Sr  (relative  to  the  fluorine  mass)  sire,  respectively,  2.109  and 
4.612;  the  change  is  thus  6m  =  2.503.  Since  every  nearest-neighbor  F-F 
pair  shares  the  subspace  for  two  possible  impurity  sites,  the  average 
force  constant  is  used  for  two  F  ions  located  between  a  Sr++  defect  and 
a  Ca++  host  atom.  This  is  equivalent  to  associating  a  change  of  *s6a^  in 
tne  F-F  matrix  elements  for  the  defect  matrix  vQ  that  describes  a  single 
Sr++  impurity.  The  complete  form  of  the  matrix  vQ  over  the  27  x  27  di¬ 
mensional  impurity  subspace  is  displayed  in  Fig.  6.9.  The  "self"  force 
constant  changes  in  Fig.  6.9  were  determined  from  the  translation  condi¬ 
tion  (2.13),  which  is  valid  for  an  ar'Ditx-ary  lattice. 

Under  each  of  the  48  operations  of  the  0^  group,  a  matrix  X  defined 
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Fig.  6-9^  The  defect  matrix  vQ  in  the  XYg  impurity  subspace ;  the  site 
labels  0,  1,  2,...,  etc.  refer  to  the  notation  in  Fig.  6.7- 
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over  the  sites  of  the  XYg  impurity  subspace  will  be  subjected  to  a  27- 
almensional  similarity  transformation  d  :  X-*ix«T.'  If  X  has  the  sym¬ 

metry  of  the  XYg  "defect  molecule",  then  it  will  be  invariant  under  all 
of  these  similarity  transformations,  and  X  will  commute  with  each  of  the 
kQ  27-dimensional  mat.  ices  wf  .  The  27 -dimensional  (reducible)  represen¬ 
tation  formed  by  these  similarity  transformations  can  be  shown  to  reduce 
to 


r(XY8)  =  Alg  +  Eg  +  Flg  +  2F2g  +  A2u  +  ^  +  3Flu  +  F^  (6.60) 

With  some  intuition,  it  is  possible  to  construct  27-dimensional  column 
vectors  with  the  appropriate  symmetries  that  can  be  used  as  "basis  vec¬ 
tors"  to  reduce  the  matrix  X  into  block  form,  corresponding  to  the  decom¬ 
position  (6.60)  into  orthogonal  subspaces  with  Alg,  Eg,  Flg,  etc. 

symmetry.  These  (unnormalized)  basis  vectors  are  displayed  in  Fig.  6.10, 
and  are,  of  course f  not  unique;  all  that  in  claimed  for  them  is  that  they 
have  the  symmetry  stated  They  have  been  constructed  so  that  the  equiva¬ 
lent  polarizations  (e.g.,  in  a  3-dimensiona.  representation  such  as  F2g) 
a.e  orthogonal.  However,  since  they  were  obtained  purely  by  geometrical 
intuition,  it  will  be  only  accidental  if  they  diagonalize  a  given  matrix 
X  completely.  All  of  the  simplification  that  group  theory  can  provide  is 
contained  in  the  decomposition  (6.60),  and  since  some  representations 
(e.g.,  F2g  and  Flu)  occur  more  than  once,  complete  diagonalization  in 
those  subspaces  cannot  be  accomplished  by  (0h)  symmetry  considerations 
alone.  Aside  from  the  fact  that  there  are  three  equivalent  polarizations, 
the  reduction  of  a  matrix  X  with  the  symmetry  of  the  XYg  "defect  molecule" 


-156 


ll 


i 


~  — 

a 

m 

“■ — 

~  _ 

■ 

i 

“  " 

“  “ 

“  “ 

”7  “ 

■ 

1 

“  *“ 

T' 

.  .. 

“  ” 

T 

... 

?i 

o 

— 

o 

o 

o 

fl 

i — I 

1 — 1 

o 

a 

i — t 

i — I 

o 

1 

i — i 

rH 

0 

r-* 

rH 

O 

i 

rH 

rH 

o 

1 

rH 

i — 1 

o 

1 

rH 

rH 

o 

H 

R 

i — 1 

o 

1 

i 

1 

1 

1 

1 

| 

i 

1 

1 

< 

1 

| 

i 

i 

co 

1 

i 

1 

t 

i 

1 

1 

i 

> — *« 

o 

o 

o 

1 

i — 1 

O 

i 

o 

1 

3 

1 

o 

i 

rH 

O 

1 

O 

1 

rH 

o 

i — i 

i 

o 

i — I 

1 

1 

i 

1 

1 

1 

| 

1 

i 

1 

1 

| 

1 

1 

i 

i 

rH 

1 

i 

1 

1 

l 

1 

1 

i 

tx. 

o 

o 

o 

1 

O 

1 — 1 

rH 

i 

O 

1 — 1 

rH 

1 

O 

i — I 

i — t 

1 

o 

i — 1 

rH 

i 

O 

i — ♦ 

1 — 1 

1 

O 

i — 1 

i — 1 

1 

o 

rH 

■ — I 

i 

o 

1 — J 

i — t 

— ■ 

— 

'oH 

— 

— 

f- 

— 

— 

— 

4 

— 

— 

1 

T" 

— 

... 

i 

T 

— 

— 

1 

T 

-- 

— 

— 

1 

‘V 

-- 

— 

i 

r 

— 

— 

o 

o 

CM 

1 

o 

o 

rH 

i 

O 

o 

i — 1 

1 

o 

O 

rH 

i 

o 

o 

i — t 

i 

o 

o 

1 — 1 

1 

O 

o 

1 

o 

o 

rH 

i 

o 

o 

i — I 

1 

1 

i 

1 

1 

1 

1 

1 

i 

CO 

o* 

1 

I 

\ 

1 

i 

1 

\ 

i 

o 

CM 

o 

1 

o 

O 

i 

o 

1 

o 

o 

l 

o 

O 

1 

3 

o 

1 

o 

o 

1 

o 

1 — 1 

o 

i 

o 

rH 

o 

3 

1 

1 

i 

1 

l 

1 

1 

1 

i 

i — 1 

o< 

1 

i 

1 

\ 

1 

1 

1 

i 

IX 

CM 

1 

o 

o 

1 

1 

1 — 1 

o 

o 

i 

I 

rH 

o 

o 

! 

s 

1 — t 

o 

o 

1 

1 

rH 

o 

o 

1 

1 

rH 

o 

o 

1 

1 

• — 1 

o 

o 

1 

1 

1 — 1 

o 

o 

i 

i 

1 — I 

o 

o 

r  M 

u  M  u 

1 

-4 

___ 

i 

4- 

__ 

i 

-4 

1 

-4 

1 

-4 

1 

-4 

1 

-4. 

i 

-4 

o 

o 

p. 

J 

o 

o 

rH 

1 

O 

o 

1 — 1 

1 

o 

o 

,  ■ 

1 

o 

o 

,H 

i 

O 

o 

rH 

1 

6 

o 

rH 

1 

o 

6 

1 — 1 

1 

o 

O 

rH 

«<-— * 

-3- 

1 

1 

i 

1 

1 

1 

1 

1 

rH 

1 

1 

1 

i 

1 

1 

1 

1 

v-/ 

o 

P.  o 

1 

o 

o 

1 

o 

rH 

o 

1 

o 

o 

» 

O 

1 — t 

O 

i 

o 

o 

1 

o 

o 

1 

o 

i — i 

o 

1 

o 

r — 1 

o 

3 

_7 

1 

1 

1 

l 

1 

1 

1 

1 

i — i 

1 

I 

i 

1 

1 

1 

1 

1 

tx. 

cx  o 

o 

1 

H 

o 

o 

1 

r— t 

O 

o 

1 

1 — 1 

o 

o 

1 

rH 

o 

o 

1 

rH 

o 

o 

1 

rH 

o 

o 

1 

1 — 1 

o 

o 

1 

1 — J 

O  O  l 

J- 

1 

1 

1 

1 

j 

1 

1 

1 

.. 

... 

... 

-4- 

_ 

... 

_ 

•4 

... 

_ 

_ _ 

-4- 

_ 

_ 

_ 

4 

_ 

_  _  _ 

-4 

_  _ 

__ 

_ _  _ 

_  _ 

_ 

_ 

-4. 

_ _ 

_ 

_ 

-4 

_ 

_ 

o 

o 

o 

1 

1 

i — 1 

rH 

o 

1 

1 

i — 1 

rH 

o 

1 

\ 

1 — I 

1 — I 

o 

1 

1 

7 

rH 

o 

1 

r 

i — 1 

1 — 1 

1 

o 

1 

1 

i — 1 

1 — 1 

o 

1 

1 

-H 

1 

rH 

o 

1 

1 

1 — I 

1 

rH 

1 

o 

p 

o 

o 

o 

1 

1 

o 

1 

1 

o 

1 

o 

1 

1 

o 

1 

t 

r -* 

o 

rH 

1 

1 

o 

1 

1 

rH 

O 

H 

1 

1 

rH 

o 

1 — 1 

CM 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

t 

\ 

1 

Cx< 

1 

1 

1 

1 

1 

1 

1 

1 

o 

o 

o 

1 

1 

o 

1 — 1 

rH 

1 

1 

o 

rH 

rH 

1 

1 

o 

rH 

rH 

1 

1 

3 

rH 

rH 

j 

o 

rH 

i — 1 

1 

1 

o 

1 — 1 

1 — 1 

1 

1 

1 

O 

i — 1 

t 

rH 

1 

1 

o 

1 — 1 

1 — 1 

-- 

— - 

— 

1 

"T 

— 

— 

— 

1 

■r 

— 

— 

— 

1 

■r 

-- 

— 

— 

1 

■1* 

— 

-- 

— 

i 

-r 

— 

-  - 

— 

1 

-4 

— 

_ 

_ 

1 

"4 

— 

_ 

_ 

1 

■4 

— 

— 

_ 

o 

o 

o 

1 

o 

1 — 1 

i — 1 

i 

o 

t-i 

1 — t 

i 

o 

1 — 1 

i — I 

i 

O 

i — t 

1 — t 

i 

o 

1 — 1 

i — 1 

i 

o 

1 — 1 

1 — 1 

1 

o 

i — I 

rH 

1 

o 

1 — t 

rH 

1 

* 

1 

i 

1 

i 

1 

i 

1 

1 

1 

1 

1 

w 

o 

o 

o 

1 

1 

CVJ 

rH 

i — 1 

i 

i 

CM 

i — 1 

i 

1 — S 

i 

I 

OJ 

1 

rH 

rH 

i 

i 

C\J 

rH 

r~i 

1 

i 

i 

OJ 

1 — 1 

1 

rH 

1 

1 

CM 

1 

rH 

1 — 1 

1 

1 

CM 

1 

rH 

i — 1 

1 

1 

CM 

1 — l 

i — I 

1 

-X 

i 

.X 

i 

.X 

i 

i 

.i 

i 

.i 

i 

.1 

i 

-X 

5 

6 

o 

1 

1 

H 

i — 1 

rH 

i 

i 

H 

rH 

rH 

i 

i 

H 

1 

i — { 

1 

i — t 

I 

T 

i 

1 — t 

i — t 

i 

i — t 

i 

i 

1 — 1 

i — ! 

i — f 

1 

1 

1 

i — 1 

i — I 

1 — 1 

i 

i 

rH 

rH 

rH 

l 

1 

rH 

1 — t 

1 

i — J 

< 

_ 

1 

-4- 

i 

-X 

i 

-X 

i 

-X 

i 

-X 

-X 

1 

.X 

1 

.X 

o 

6 

o 

i 

6 

o 

rH 

1 

O 

o 

i — t 

1 

6 

o 

rH 

i 

o 

o 

rH 

i 

o 

o 

i — 1 

1 

5 

o 

rH 

1 

O 

o 

i — t 

1 

o 

6 

rH 

1 

| 

1 

1 

| 

i 

i 

1 

1 

1 

1 

1 

C\i 

i 

\ 

1 

i 

i 

1 

1 

1 

' — ' 

o 

o 

o 

i 

o 

rH 

o 

1 

o 

rH 

o 

1 

o 

o 

o 

i — t 

o 

i 

o 

rH 

O 

1 

o 

o 

i 

o 

o 

i 

o 

1 — 1 

O 

bO 

1 

| 

1 

1 

5 

i 

» 

1 

1 

1 

i 

1 

C\J 

i 

1 

1 

i 

i 

1 

1 

1 

Cx. 

o 

o 

o 

1 

1 

1 — 1 

O 

o 

1 

1 

rH 

O 

o 

1 

1 

i — t 

i 

O 

o 

i 

I 

rH 

o 

o 

i 

i 

1 — I 

o 

O 

1 

1 

rH 

1 

o 

O 

1 

1 

r — i 

o 

o 

1 

1 

rH 

1 

o 

O 

— 

_ 

_ 

1 

-4 

_ 

... 

1 

■4 

_ 

_  _ 

... 

1 

-4- 

_ 

_ 

... 

i 

-4 

... 

_ 

i 

■4 

_ 

_ 

1 

-4 

_ 

1 

-4 

_ _ 

_ 

1 

-4 

.  .. 

... 

_ 

o 

o 

o 

\ 

o 

rH 

1 — 1 

1 

o 

• — 1 

rH 

1 

o 

rH 

rH 

i 

o 

rH 

rH 

1 

o 

rH 

i — 1 

1 

o 

rH 

rH 

1 

o 

rH 

rH 

1 

o 

rH 

i — 1 

***+ 

i 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

| 

! 

1 

| 

1 — 1 

1 

1 

1 

1 

1 

1 

1 

1 

' — ' 

o 

o 

o 

1 

c 

rH 

1 

o 

1 

rH 

O 

rH 

1 

rH 

e 

i — 1 

1 

rH 

o 

.H 

1 

o 

rH 

1 

o 

1 

rH 

o 

rH 

to 

1 

i 

1 

1 

1 

1 

i 

1 

1 

1 

1 

1 

1 

1 

| 

CM 

1 

1 

1 

1 

1 

1 

1 

1 

fx* 

o 

o 

o 

1 

1 

rH 

rH 

1 

o 

1 

1 

rH 

rH 

1 

o 

1 

1 

• — 1 

rH 

o 

1 

1 

rH 

i 

rH 

o 

1 

1 

i — \ 

rH 

O 

1 

1 

rH 

1 

1 — 1 

O 

1 

1 

1 — 1 

1 

rH 

1 

o 

1 

1 

rH 

1 — J 

O 

— 

_ 

... 

1 

~t 

_ 

... 

... 

1 

•1* 

_ 

_ 

_ 

1 

■1 

_ 

_ 

1 

"4 

___ 

___ 

... 

1 

-4 

... 

__ 

_ _ 

1 

-4 

_ 

_ 

1 

-4 

_  __ 

_ 

1 

-4 

_ 

o 

o 

o 

1 

i — 1 

i — 1 

O 

1 

rH 

rH 

o 

1 

• — 1 

rH 

o 

1 

i — t 

i — 1 

o 

i 

rH 

rH 

O 

1 

rH 

rH 

o 

1 

1 — 1 

i — 1 

o 

1 

r — I 

1 — 1 

o 

bO 

1 

1 

1 

1 

1 

1 

1 

1 

rH 

o 

o 

o 

1 

o 

1 

o 

1 

rH 

o 

1 

o 

rH 

1 

rH 

o 

1 

O 

1 

1 — 1 

o 

1 

o 

1 — J 

Cx. 

1 

1 

1 

1 

i 

1 

i 

1 

1 

1 

1 

1 

1 

1 

1 

o 

o 

o 

» 

1 

o 

1 — 1 

rH 

1 

1 

1 

O 

rH 

1 — 1 

1 

1 

o 

rH 

1 — 1 

1 

1 

o 

rH 

1 

rH 

1 

1 

1 

o 

rH 

rH 

1 

1 

o 

i — < 

1 — 1 

1 

1 

1 

o 

rH 

1 — 1 

1 

1 

o 

rH 

1 — 1 

— 

— 

i 

-T 

— 

— 

— 

1 

"T 

— 

— 

— 

1 

"T 

— 

— 

— 

1 

'7 

— 

... 

— 

1 

"T 

— 

— 

— 

1 

"7 

1 

“7 

— 

— 

— 

\ 

■7 

— 

— 

— 

o 

o 

o 

1 

o 

1 

o 

rH 

1 

o 

1 — t 

1 

o 

i — t 

1 

o 

rH 

ri 

1 

o 

rH 

o 

rH 

: — J 

1 

o 

ri 

1 — 1 

bO 

1 

1 

1 

1 

1 

1 

1 

| 

1 

1 

1 

1 

1 

1 

1 

w 

1 

1 

1 

1 

1 

1 

1 

1 

o 

o 

o 

1 

CM 

rH 

r-1 

1 

CM 

rH 

rH 

1 

CM 

rH 

rH 

1 

CM 

rH 

r-\ 

1 

CM 

rH 

rH 

1 

CM 

rH 

rH 

1 

OJ 

rH 

r — 1 

1 

CM 

1 — I 

rH 

.  _ 

I... 

4- 

4 

_  .  .. 

-4 

-1- 

-4 

__  _ 

_  __ 

-4 

-4 

-4 

-4 

_ _ 

bO 

1 

1 

1 

\ 

\ 

1 

1 

1 

rH 

o 

o 

o 

1 

H 

i — 1 

rH 

1 

rH 

rH 

1 

r — \ 

rH 

rH 

1 

rH 

rH 

rH 

1 

i — J 

i — 1 

i — 1 

1 

i — 1 

rH 

1 

1 

rH 

< 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

| 

1 

1 

1 

1 

1 

1 

1 

1 

o 

-4 

1 

1 

rH 

■4 

1 

1 

CM 

■4 

1 

1 

CO 

■4 

1 

1 

J3 

-4 

1 

1 

rH 

-4 

1 

1 

Too 

-4 

1 

1 

■”Tr> 

-4 

1 

1 

Fig.  6.10: 


(Unnormalized)  mode  vectors  for  an  XYg  complex  in  the  sym¬ 
metry  subspaces  given  by  the  decomposition  of  Eq.  (6.60). 
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Fig.  6.11:  The  unperturbed  Green's  function  matrix  G°  and  the  defect 
matrix  v0  in  the  ?2&  anci  ^iu  sy^^try  subspaces  as  deter¬ 
mined  by  the  mode  vectors  of  Fig.  6.10. 
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will  lead  to  (three)  2x2  F2g  blocks,  and  (three)  3  x  3  F-^u  blocks.  The 
diagonalization  of  these  blocks  will  determine  the  linear  combinations  of 
F2g  and  Fj_u  vectors  (given  in  Fig.  6.10)  that  diagonalize  a  particular  ma¬ 
trix  X  completely.  The  elements  of  the  unperturbed  Green's  function  ma¬ 
trix  g°  and  of  the  defect  matrix  v0  can  be  calculated  for  each  of  the  sym- 
me+’-y  subspaces  by  using  Fig.  6.8,  6.9,  ana  6.10.  These  calculations  are 
rather  tedious,  and  have  been  carried  out  for  the  F2g  and  F^u  subspaces, 
with  the  results  shown  in  Fig.  6.11.  These  matrices  are  necessary  later 
for  .he  evaluation  of  vQ[l  +  gD (w+ie )vQJ (which  occurs  in  the  first  or¬ 
der  proper  self-energy)  as  a  function  of  frequency  in  the  Fjg  and  F^u  sub¬ 
spaces.  (The  constants  p,  q  in  Fig.  6.8,  6.9>  6.10,  and  6.11  are  related 
by  p  =  1/q,  but  are  otherwise  arbitrary;  it  shall  prove  convenient  for 

the  later  infrared  calculations  to  choose  p  -  m„  /m.. . ) 

r  Ca  r 

1)  Raman  Scattering 

It  may  be  reasonable  to  assume  that  the  formation  of  a  mixed  crystal 
from  two  similar  isomorphs,  such  as  Ca- _cSrcF2or  Ba^__,SrcF2»  will  not  in¬ 
volve  any  appreciable  changes  in  the  P°  ( k )  coefficients  that  charac- 

aS 

terize  the  electronic  polarizability  structure.  Evidence  for  this  assump¬ 
tion  could  be  taken  to  be  the  fact  that  significant  changes  in  these 

quantities  would  most  likely  lead  to  induced  scattering  from  impurity 

— ► 

modes,  other  than  the  k  a-  0  excitation.  Since  this  is  contrary  to  our 
observations  of  a  single  peak  which  shifts  linearly,  and  broadens  witw 
concentration,  we  shall  assume  that  the  dominant  scattering  mechanism 
comes  from  the  first  ter^.  in  (U.15),  which  was  expressed  by  (H.lH).  Using 
that  result,  we  can  write  the  scattering  intensity  as 
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4-  c  <<rR|Mo/2Ft1Hi?-<>,w+i0Mr!4|oi«>] 

(6.61) 

where  the  proper  self-energy  has  been  expanded  only  to  the  lowest  order 
in  c.  We  have  also  included,  phenomenologically ,  a  broadening  to  the 
k  =  0  mode  of  pure  CaFo  by  adding  a  term  -iyn/2  to  w  ,  where  y  repre- 
sents  a  full  width.  From  (5-17),  it  is  evident  that,  as  k  +  0,  the  pro¬ 
per  self-energy  term  in  the  denominator  of  (6.6l)  is  Just  the  projection 
vo[l  +  g°(u+iE: )v0]  1  onto  the  mode  defined  by  the  second  set  of  F£g 
vectors  listed  in  Fig.  6.10.  Calculations  have  been  carried  <•■’+  “or  the 
first  order  PSS  that  occurs  in  expression  (6.6l)  for  the  RS  intensity, 
and  the  res-  Hs  are  shown  in  Fig.  6.12  (with  details  in  the  appendix). 
These  calculations  have  verified  the  validity  of  the  conjecture  that  g0vQ 
is  negligibie  compared  to  unity  for  the  Raman  mode.  This  leads  (accord¬ 
ing  to  the  discussion  in  Sec.  5-2)  to  the  "virtual  crystal  approximation" 
for  the  first  order  Raman  line,  as  observed;  this  behavior  is  related  to 
the  real  part  of  the  PSS.  The  linewidth,  on  the  other  hand,  is  related 
to  the  imaginary  part  of  the  PSE,  accc-ding  to  (6.6l).  One  of  the  neces¬ 
sary  assumptions  that  this  formalism  makes  is  that  the  contribution  of 
disordering  to  the  linewidth  of  mixed  crystals  is  additive  with  other  ef¬ 
fects,  which  are  included  only  phenomenologically  by  the  addition  of  the 
term  -1yr/2  which  characterizes  the  pure  crystal  (c=0).  The  results  of 
the  linewidth  calculations  that  were  carried  out  using  (6.6l)  and  the  PSE 
function  of  Fig.  6.12  a^e  shown  by  the  dashed  line  in  Fig.  6.5,  which 
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also  contains  the  experimental  data.  The  results  of  these  calculations 
agree  reasonably  well  with  the  experimental  observations. 

2)  Infrared  Reflectivity 

A  similar  procedure  was  followed  in  an  attempt  to  explain  the  infra¬ 
red  reflectivity  data  obtained  for  the  Ca^_cSrcF,3  systems  by  Verleur  and 
Barker^).  it  was  assumed  that,  with  the  introduction  of  a  Sr++  impuri¬ 
ty,  the  first  order  electric  moment  coefficients  do  not  change  apprecia¬ 
bly  from  the  values  </K°  (< )  that  characterize  the  pure  CaF0  host.  Thus, 

a,p  * 

we  shall  again  assume  that  the  dominant  contribution  to  the  mixed  crystal 
behavio"  (in  this  case,  the  far-infrared  dielectric  function  e(io))  comes 
from  the  (transverse,  TO)  k  ^  0  excitations.  Then,  to  lowest  order  in  c 
for  the  PSE,  the  expression  (1*.25)  for  e(u)  becomes 

/  Eo O  —  t  +  C  ^TO  ^  —  ^to  4-  IT  CO  CO  TO 

4-  C  <crT0|  M0'/l  Ft0  (h-o.uj+ie)  |  °to>]  (6.62) 

where  we  have,  once  again,  included  a  phenomenological  term  ifwwrpQ  (con- 

/  O  \ 

forming  to  the  notation  in  Verleur  and  Barker'3')  to  account  for  the  damp 
ing  of  the  TO  frequency  of  the  pure  Ca/2  lattice.  Thus,  we  take^T  = 
.025.  The  value  of  for  pure  SrFg  is (1^9 )  2.07,  compared  to  2.0U7  for 
CaFg,  so  it  is  a  good  approximation  to  regard  as  a  constant  in  (6.62). 
Again,  if  we  appeal  to  (5.17)  and  (2.7l)>  it  is  possible  to  show  that,  as 
k  ■+•  0,  the  proper  self- energy  in  the  denominator  of  (6.62)  will  b;  the 
projection  of  vcj"l  +  g°(u+ic )vjj  -1  onto  the  mode  defined  by  the  second 


set  of  Fju  vectors  listed  in  Fig.  6.10.  (This  is  a  consequence  of  the  M~ 
factors,  and  our  convenient  choice  of  p  =  mCa/mp  =  l/q.)  The  results  of 
the  calculation  for  the  PSE  that  occurs  in  (6.62)  are  shown  in  Fig.  6.13. 
(Details  of  the  calculation  can  he  found  in  the  appendix.)  Eq.  (6.62)  was 
used  in  conjunction  with  (U.lb)  to  calculate  the  far-infrared  reflectivity 
for  pure  CaF^  and  for  Ca  ^Sr  ^  Fg,  s:*-nce  t-hese  cases  can  be  compared  with 
the  experimental  observations  of  Verleur  and  Barker ^  ^ .  These  results  are 
displayed  in  Fig.  6.1^,  and  although  the  quantitative  agreement  is  not  per 
feet,  there  are  many  qualitative  similarities  between  the  theoretical  and 
experimental  reflectivities.  The  inability  of  a  single  (damped)  mode  to 
adequately  describe  the  pure  CaFg  crystal  is  an  indication  of  the  fact 
that  the  crystal  may  not  be  well-approximated  by  a  purely  harmonic  solid. 
The  effect  of  anharmcnic  processes  has  also  been  discussed  briefly  by 
Bosomwcrth^"^)  ,  who  also  observes  departure  from  a  harmonic  lattice  in 
his  study  of  IR  absorption  in  pure  CaF^.  The  theoretical  curve  for  the 
mixed  crystal  Ca.y^Sr _25^2  ^oes  describe  the  general  decrease  of  the  re¬ 
flectivity,  as  compared  with  the  pure  crystal,  and  the  rounding  off  of  the 
edge  at  ~  280  cm"^.  It  also  displays  a  bump  near  350  cn'^,  as  observed. 
However.,  there  is  an  anomolous  structure  at  ~  210  cm--1  which  corresponds 
to  the  sharp  peak  in  the  PSE,  shown  in  Fig.  6.13.  This  coincides  with  a 
m-'nimum  in  the  density  of  states  for  pure  CaFg  (cf.  Fig.  A-14  in  the  apper: 
dix)  and  is  probably  an  accidental  anomoly  of  the  host  model.  In  addi¬ 
tion  to  the  fact  that  anharmonic  effects  are  completely  neglected  (which 
is  probably  the  most  serious  deficiency),  it  is  also  possible  that  the 
models  of  the  defect  or  the  host  are  not  sufficiently  sophisticated.  Fi¬ 
nally,  the  assumption  that  the  i/>t°-coefficients  do  not  change  may  be  inac¬ 
curate,  and  in  that  case,  there  cou.u  be  a  complicated  absorption  .struc¬ 
ture  throughout  the  band. 
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APPENDIX 


In  this  appendix,  we  shall  briefly  describe  some  of  the  computational 
techniques  that  have  been  used  in  this  work.  Listings  of  some  of  the  main 
(FORTRAN  IV)  programs  will  be  included,  as  well  as  some  graphical  results 
for  the  density  of  states,  dispersion  curves,  and  certain  Green's  functions 
for  pure  CaFg.  The  corputer  programs  have  been  written  in  a  manner  that  is 
general  enough  to  permit  their  use  for  any  of  the  fluorites;  they  are  based 
only  upon  the  assumption  of  a  harmonic  rigid  ion  lattice,  and  require  know¬ 
ledge  only  of  wR,  wT0,  u>Lr),  C^,  C12,  C^,  a  (=  2rQ),  and  mCa/mp.  Because 
these  programs  would  be  useful  for  a  wide  variety  of  phonon  defect  problems 
that  involve  fluorite  host  lattices,  it  was  considered  worthwhile  to  in¬ 
clude  them  in  this  appendix.  For  example,  the  phonon  Green's  functions 
that  are  calculated  by  these  programs  could  also  be  applied  to  problems  of 

defect-induced  RS  or  IP.  absorption,  to  vibrational  sidebands in  fluo- 

f  1  ft  7  ) 

rescence  spectra,  neutron  scattering  from  impurities'  ,  etc. 
l)  General  Remarks 

The  calculation  of  the  phonon  eigenfrequencies  and  eigenvectors 
wa(<|ko),  using  t.ie  rigid  ion  model  for  the  harmonic  fluorite  lattice,  can 
be  carried  out  by  diagonalizing  the  (total)  Fourier  transformed  dynamical 
matrix  D°g(k|tc<'),  given  by  (6.11)  and  (b.Mt).  These  quantities  can  be  de- 

—V 

termined,  for  any  given  wave  vector  k  in  the  first  3Z,  by  using  subroutine 
"KSPACE",  which  is  included  in  this  appendix.  We  shall  first  discuss  some 
general  symmetry  conditions  that  D°a(k|ioc')  possesses  which  are  useful  for 
simplifying  unperturbed  Green's  function  calculations,  which  involve  sums 
over  all  k  in  the  first  BZ  (cf.  Eq.  (3-32)).  The  eigenvectors  and  eigen- 
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values  for  the  phonon  branches  have  the  point  group  symmetry  of  the  crys¬ 
tal  (0^  in  the  present  case),  and  the  meaning  of  this  statement  shall  be¬ 
come  more  precise  below.  If  (i<)  ■*  (LK)  and  (£'<')  -*■  (L'K')  under  an  oper¬ 
ation  (S 1 1 )  of  the  crystal  space  group,  then  from  (2.1+5), 


S  D°(k  |  kk  ' )  S-1  =  2,  e~lk’(RJU  “  R£'k' ;  D°(LK,L'K' )  (A.l) 

t' 

and  since  (R^  -  R^i^i)  =  S”  •  (R^k  “  can  be  written 

S  D°(k | <k ' )  S_1  =  2  e_lk’S  1,(RLK  '  RL'K' )  D0(LK,L'K' )  (A. 2) 


Thus,  finally, 


S  D°(k|«')  S"1  =  D°(Sk|KK') 


-1  ^  nO, 


(A. 3) 


If  we  set 


n  j  S  if  k  •+  K  under  operation  (S|t) 

0Kk  =  <  ,  _  (A.M 

0  if  k-A  k  under  operation  (Sit) 


then 


d°CsS) 


(A. 5) 


Since  represents  a  similarity  transformation,  it  follows  that  D°(Sk) 
and  D°(k)  will  have  the  same  eigenvalues.  If  we  write 


(J  D° (  te)  wC  feff)  =  d  w(r<j)  (A. 6) 
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we  see  from  (A. 5)  and  (A. 6)  that  xf  w(ko )  is  an  eigenvector  of  D°(Sk)  with 

eigenvalue  .  Thus,  if  we  denote  the  eige:  rectors  of  D°(sic)  by  w(Sk,o), 

we  can  write  wa(K|Sk,c)  =  £  SagWg(x' jka ) ,  where  x  is  the  basis  index  that 

6 

is  transformed  into  K  under  rotation  S.  Thus,  knowledge  of  the  phonon 
eigenfrequeneies  and  eigenvectors  for  a  given  wave  vector  k  can  be  used  to 
calculate  these  quantities  for  all  of  the  momenta  in  the  "star  of  k."  Thus, 
for  a  general  value  of  k,  there  will  be  48  vectors  3k  in  the  star  of  k,  but 
only  one  matrix  diagonalization  is  required  to  obtain  complete  information 
about  all  of  them.  Since  numerical  diagonalization  of  the  3r  x  3r  matrix 
D°g(klxx')  is  a  time-consuming  process,  this  exploitation  of  crystal  sym¬ 
metry  can  be  a  valuable  simplification  when  sums  over  k,  involving  the  w£0 
and  wa(x|kc),  must  be  carried  out.  Furthermore,  since  D°g(Jl<  '<  '  )  is 
real,  it  is  easy  to  show  from  Eq.  (2.45)  that  D°(-k)  =  D°(k)*;  this  implies 
that  wa(x|ko)*  is  the  eigenvector  associated  with  the  eigenvalue  for 
the  matrix  D°(-k). 

2)  Unperturbed  Green's  Functions 

The  13  independent  Green's  functions  g°g( tx ' k ' ;u+ie )  that  arise  in 
the  XY0  defect  subspace  (and  which  have  been  denoted  by  A,B,...U,V  in  Fig. 
6.8)  can  be  calculated  by  a  "histogram"  method,  using  Eq.  (3.33),  (3-36), 
and  (3. 37).  The  band  of  (normalized)  squared  frequencies  (co/uimax) is  di¬ 
vided  into  a  number  (e.g.,  200)  of  equally  spaced  intervals,  or  "bins."  It 
is  convenient  to  calculate  the  imaginary  part  of  g°(u.'+is)  first,  using  the 
spectral  representation  (3-37),  which  contains  a  sum  over  all  k  in  the  first 
BZ.  The  6-functions  can  be  regarded  as  contributing  only  to  the  "bin"  in 
which  the  frequency  lies.  After  choosing  a  suitable  mesh  size  G  for  the 
grid  of  momentum  vectors,  the  N  =  vectors  k  in  the  first  BZ  are  defined 
by  Eq.  (2.9)  (for  an  fee  lattice).  However,  because  of  the  considerations 
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above  regarding  the  point  group  symmetry  of  the  quantities  and  w  (x|ko), 
the  summation  in  (3-37)  can  be  reduced  to  a  sum  over  a  restricted  set  of  k- 
vectors  that  lie  in  only  1/1+8  of  the  first  BZ:  all  of  the  other  k-vectors 
will  lie  in  the  "stars"  of  these  vectors.  (This  1/48  region  of  k-space  is 
shown  in  Fig.  2.2,  and  shall  be  called  the  "fundamental  wedge.")  Further¬ 
more,  since  inversion  takes  k  -it,  and  since  D°(-k)  =  D°(k)*,  it  is  easy 
to  she r  that  Eq.  (3.37)  can  be  written 


TT _ 

N  (mTnV? 


^  m  (  k S(o^u4)2Re 

*  •*  '4* 


(A. 7) 


where  the  stun  over  is  a  sum  over  proper  rotations  only.  (For  every  ro¬ 
tation  ,  the  improper  rotation  IS^  produces  a  result  which  is  just  the 
complex  conjugate;  hence,  the  "2  Re".)  The  quantity  m(k)  in  A. 7  is  a  mul¬ 
tiplicity  factor  that  represents  the  fraction  of  the  point  k  which  lies  in 
the  "fundamental  wedge":  if  k  lies  on  points  or  lines  of  high  symmetry,  some 
of  the  proper  rotations  will  not  yield  new  k-vectors,  and  ir.  such  a  case, 

-V 

some  k-vectors  would  be  accidentally  incluued  more  than  once  in  the  sum. 

The  factor  m(k)  prevents  this;  e.g.,  for  k  =  (0,0,0),  m(k)  =  1/48.  The 
multiplicity  factor  is  Just  related  to  the  "group  of  the  x-vector,"  o^(k), 
and  a  summary  is  given  in  Table  A.l.  A  convenient  method  for  determining 
m(k)  for  any  k-point  in  the  "fundamental  wedge"  is  described  in  the  listing 
of  program  I  given  later.  Since  the  imaginary  parts  of  the  phonon  Green's 
functions  are  volume  integrals  (in  k-space)  of  5 -functions ,  they  are  really 
equivalent  to  surface  integrals;  arithmetically,  they  behave  more  like 


derivatives  than  integrals,  and  it  is  necessary  to  use  a  fine  mesh  for  the 
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K 

$(t) 

m(it) 

r 

0h 

1/1*8 

A 

Dl*h 

1/16 

L 

D3d 

1/12 

W 

D2d 

1/8 

A 

CU., 

1/8 

A 

C3v 

1/6 

Z 

C2v 

lA 

E 

C2v 

lA 

Q 

C2 

1/2 

S 

C2v 

lA 

U 

C2v 

1/4 

K 

C2v 

lA 

z  =  0 

Cs 

3/2 

X  -  7T 

Cs 

1/2 

Table  A.l:  Points  of  hi^h  symmetry  in  the  first  BZ  for  a  fee 
lattice;  ^(k)  is  the  group  of  the  ic-vector,  and 
m(k)  represents  the  fraction  of  k  that  lies  in  the 
fundamental  1/1*8  vedge . 

Brillouin  zone  if  good  resolution  is  desired.  Table  A. 2  gives  the  total 
number  of  distinct  k-vectors  involved  in  the  sum  (A. 7)  over  the  fundamen¬ 
tal  wedge  for  a  given  grid  size,  G  (which  corresponds  to  using  a  total  of 

N  =  p°ints  for  the  entire  first  BZ).  The  calculation  of  the  imaginary 
part  of  a  given  Green's  function  is  carried  out  with  (A. 7)  by  determining, 
for  each  k  in  the  fundamental  wedge,  the  9  "bins" 


that  correspond  to 
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( Co-*  /'m  )  ^ 

'  k<r  max'  1 


1,2,..., 9;  a  contribution 


% 


.(5)  I 


.itSjkUR^ 


s. 

1 


then  results  for  Im  (fc<  ,2. V ' ;  ui+is)  at  the  frequency  u  =  , 
dropped  into  that  "bin."  In  practice,  we  used  a  mesh  size  of  G 
carrying  out  the  sums  over  the  1/1*8  wedge  of  k-vectors,  and  this 
a  calculation  of  the  and  ( < | ko )  at  1686  distinct  k  points 


G 

no 

2 

3 

1* 

8 

6 

16 

8 

30 

10 

1*8 

12 

lb 

lU 

106 

16 

3.1*9 

18 

199 

20 

262 

22 

331* 

21* 

122 

26 

520 

28 

636 

30 

761* 

32 

913 

31* 

1075 

36 

1260 

38 

ll*6o 

1*0 

1686 

1*2 

1928 

1*1* 

2198 

1*6 

21*86 

1*8 

2805 

50 

3ll*3 

G 

n 

0 

52 

3511* 

51* 

3906 

56 

l*33l* 

58 

1*781* 

60 

5272 

62 

578U 

61* 

6337 

66 

6915 

66 

7536 

70 

8181* 

72 

8878 

lb 

9600 

76 

10370 

78 

11170 

80 

12021 

82 

12903 

8’* 

13638 

86 

11*806 

88 

15830 

90 

16888 

92 

18OOU 

91* 

19156 

96 

20.569 

99 

21619 

100 

22932 

i  -ble  A. 2:  Foi  c  mesh  size  G,  there  ar«  II  =  G^  k-vectors 
(defined  by  (2.9))  in  the  entire  first  BZ;  n0 
gives  the  number  of  distinct  k-vectors  in  the 
fundamental  1/1*8  wedge. 


)}  (A. 8) 

and  is 
1*0  for 
r  ^uired 
cf.  Table 


kQj  =  6U,0Q0  points  for  the  entire 


A. 2).  This  corresponds  to  a  grid  of  N  = 

first  BZ,  and  required  approximately  U  hours  on  the  IBM  709^-  After  the 
imaginary  parts  of  the  Green's  functions  g°g(i<  ,il '  iu+ic )  have  been  cal¬ 
culated  by  this  histogram  technique,  the  real  parts  can  be  obtained  using 
the  Hilbert  transform  relation,  (3-36)-  The  real  and  imaginary  parts  of 
the  13  independent  Green's  functions  g°„  ( i<  ,£. '  k  '  ;  u>+ie)  for  CaFo  that  occur 

ap  “ 

in  the  XYg  subspace  of  Fig.  6.7,  and  which  have  been  labeltd  A,  B,  . ...  U, 

V  in  Fig.  6.8,  are  displayed  graphically  in  Fig.  A-l  to  A-13.  They  have 
been  included  in  this  appendix  because  it  is  quite  conceivau^e  that  they 
would  be  useful  for  the  study  of  other  phonon  effects  in  CaF2- 

3)  Computer  Programs 

Because  the  listings  of  the  computer  programs  are  liberally  sprinkled 
with  "COMMENT"  cards  which  describe  most  of  the  minor  details  (and  which 
leave  almost  nothing  to  the  imagination)  it  is  unnecessary  to  elaborate 
.„rther  on  these  calculations  here.  Some  of  the  programs  make  use  of  Share 
Libiary  Subroutines,  and  where  that  is  the  case,  it  is  always  stated  in  the 
COMMENT  cards.  We  have  attempted  to  use  names  for  FORTRAN  variables  which 
are  consistent  with  the  mathematical  quantities  appearing  in  this  work; 
e.g.,  the  force  constant  a1  is  called  ALPHA1,  etc.  (To  avoid  confusion, 
the  mesh  size  G  for  the  grid  of  k-vectors  is  called  N  in  these  programs, 
since  G  is  often  used  to  denote  a  Green's  function.)  To  adapt  these  pro¬ 
grams  to  any  of  the  fluorites,  it  is  only  necessary  to  have  knowledge  of 
the  following  experimental  constants: 

1)  Wp,  WrpQ,  =  G  optic  frequencies  in  cm--'-, 

2)  C^,  C^2»  the  elastic  constants  in  units  of  10^  dyne/cm^, 

3)  a,  m0a/mp,  lattice  constant  (A),  and  the  ratio  of  masses. 
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In  the  order  in  which  the  listings  appear  later,  these  programs  do  the 
following: 

Program  I:  Deck  Name  ”CAF2".  This  program  will  calculate,  as  a  function 
of  (cj/u^ny and  in  units  of  l/(mp  <»>max^)»  the  real  and  imaginary  parts  of 


<  ka  ]  g°  |  £  1  k  '  S  > 


Mk  <  |  — 


iu*  -  it  -  D 


— 

-  I £'<’6  >  M  , 

O  K 


for  the  13  independent  functions  that  occur  in  the  XYg  complex  of  Fig. 

6.7,  and  denoted  in  Fig.  6.8  by  A,  B,  ...,  U,  V.  The  (complex)  array 
GFCN(M,I),  M  =  1,...,13,  and  I  =  1,...,501  represents  these  13  Green's 
functions  (see  chart  in  program  listing  for  exact  identification)  for 
501  values  oJ  (w/oj  v)2  =  (I  -  l)/200,  corresponding  to  a  range  of  2.5 

CtaX 

times  the  band  of  squared  frequencies.  The  density  of  squared  states,  in 
units  of  l/a3max  ,  is  also  calculated  as  a  function  of  (w/u^^)  ,  and  is 

represented  by  the  (real)  array  RHC(l),  I  ~  1,...,201.  All  chat  is  required 
to  use  this  program  is  a  single  DATA  card  (8F9-k)  containing  the  values  of 
a,  UrpQ,  Wj^q,  Wp,  C11 ,  C^2’  ^1+4’  and  mQa/mp  in  the  units  specified  earlier. 
The  program  makes  the  assumption  (based  on  CaF2)  that  wmax  =  wLq;  if  that 
is  not  the  case  for  some  other  fluorite,  a  minor  modification  (a  change  of 
one  card)  will  be  necessary.  A  tape  on  A5  as  needed  for  writing  the  output 
(two  records,  GFCN  and  RHO)  in  binary.  The  deck  setup  is  as  follows: 


5.^5  267- 

$DATA 

f  $IBMAP  3CDIAG 


$IBFTC  KPT  ACE 


r 


$IBFTC 


MODELS 


$IBFTC  CAF2 


iillliltliMit 


where  the  decks  named  "KFLACE"  and  "MODELS"  arc  rograms  II  and  III  below, 
and  where  the  deck  "SCDIAG"  is  a  Share  Library  Subroutine,  SDA  3368,  which 
diagonalizes  hermitian  matrices.  SCDIAG  actually  occurs  because  it  is  a 
necessary  part  of  the  package  associated  with  KPLACE,  described  next. 

Program  II:  SUBROUTINE  KSPACE,  Deck  Name  "KPLACE".  This  subroutine  will 
construct  the  Fourier  transformed  dynamical  matrix  D°g(k|K<’)  for  a  given 
wave  vector  k  in  the  first  B2  (using  Eq.  (6.11)  and  (6.44)),  and  then  diago¬ 
nalize  it  to  produce  the  phonon  eigenfrequencies  and  eigenvectors  w(ko). 
The  calling  sequence  is  CALL  KSPACE  (KX,  KY ,  KZ,  OMEGA,  W,  MU),  where 

KX,  KY,  KZ  is  a  triplet  of  (floating  point)  numbers  that  specify 
the  wave  vector  as 

k  =  —  (KX,  KY,  KZ; 

N 

OMEGA  is  a  real  9-dimensional  array  that  contains  the  ^ 

final  calculated  values  of  o  =  1,2,..., 9,  in  cm  x 

W  is  a  complex  array,  dimensioned  W(3,3,9)  correspond¬ 

ing  to  W( ALPHA ,  KAPPA,  SIGMA),  and  containing  the  9 
eigenvectors  wa(>c|ko),  o  =  1,2,..., 9* 

MU  specifies  a  write-cut  option  that  is  described  more 

fully  in  the  program  listing. 

This  subroutine  requires,  as  part  of  the  package,  a  Share  Library  Subrou¬ 
tine  "SCDIAG",  SDA  3368.  N  (which  corresponds  to  the  mesh  size  G),  ALPHA1, 
ALPHA2,...,  etc.  must  be  listed  in  COMMON  with  the  main  program.  The  main 
program  must  also  contain  dimensioned  storage  space  for  OMEGA  and  W.  The 
following  miscellaneous  details  should  be  noticed:  1)  MCA  is  the  mass  of 
the  ++  ion  in  units  of  the  fluorine  mass;  2)  the  force  constants  ALPHA1, 
ALPHA2,  ...,  GAM2  are  assumed  to  be  in  units  of  e  /rQ  ,  where  e  =  4.803  x 

10x'"'  is  the  electronic  charge  in  esu;  3)  A  is  the  lattice  constant  (=  2rQ) 
o 

in  A,  and  4)  <  =  1,  2,  3  correspond,  respectively,  to  Ca,  F^,  and  Fg. 
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Program  III_:  SUBROUTINE  MODEL,  Deck  Name  "MODELS".  This  subroutine  will 
determine  the  ;  urameters  ALPHA1,  ALPHA 2 ,  ....  GAM2,  ZSQ  of  the  rigid  ion 
model  from  the  experimental  quantises  discussed  earlier.  The  calling  se¬ 
quence  is  CALL  MODEL  (T,  A,  WTO,  WLO,  WR,  Cll,  C12,  C44,  MASS,  ZSQ,  ALPHA1, 
ALPHA2 ,  ALPHAS,  BETA1,  BETA2 ,  BETA 3,  GAM2),  where 


T 

A 

WTO,  WLO.WR 

Cll,  C12,  C44 

MASS 

ZSQ 


is  the  temperature  in  °K, 

is  the  lattice  cot  ctant  in  X, 

are  the  k  =  0  optic  frequencies  in  cm 
at  T  °K, 

are  the  elastic  constants,  in  units  of 
10-^  dyne/cm2,  at  T  °K, 

is  the  ratio  of  the  ++  mass  to  that  of  F, 
.  p 

is  Z  ,  the  square  of  the  effective  charge 
(dimensionless) , 


ALPHA1 , . . . ,  are  the  short  range  force  constants  in 

. . .  ,GAM2  units  of  e^/r0^,  where  e  =  4.80'i  x  10^-G 
is  the  electronic  charge  in  esu,  and  rD 
is  the  F-F  separation  in  cm. 

Program  IV:  Deck  Name  "GFCN".  This  program  will  calculate  the  symmetrized 


Green's  functions  in  the  F2g,  ^lu’  ^lg’  an<*  ^g  £,>i^8Pace3  (refer  to  the 
charts  in  the  program  listing  for  complete  details).  It  will  elso  convert 
the  Green's  functions  to  functions  of  frequency  w,  in  cm-1,  and  will  cal¬ 


culate  the  ordinary  phonon  density  of  states,  p°(u),  in  units  of  1/u,,,,,. 
The  symmetrised  matrix  elements  for  g°  in  the  F2g  and  F^u  suhapaces  were 
given  in  Fig£ll,  based  on  the  basis  vectors  of  Fig.  6.10;  in  the  Alg  and 
Eg  suhspaces,  the  Oreen's  functions  are  given  by 


<  Alg|  g°  |Alg 
<  Eg|  g°  | Eg  > 


> 


B+Q-U-F-  2(H  +2S+V+P+R-M) 
B+Q-U-F+R+H+V+  2(S  +  M  -  P) 


(A. 9) 
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In  order  to  use  this  program,  a  single  DATA  card  containing  the  values 
of  mCa/mF  and  u  (2F9-M  must  be  provided.  The  tape  with  the  (binary) 
Green's  function  data  calculated  from  Program  I  is  required  on  A5 •  On 
B5,  a  tape  must  be  supplied  to  write  the  output  in  binary.  l6  logical 
records  will  be  written:  15  records  containing  complex  arrays  G(l),  I  = 
1,...,IMAX,  giving  the  symmetrized  g°(cj+ie)  matrix  elements  for  the  F2g, 

A,  ,  Eg,  and  F^u  subspaces,  and  one  real  array  R(l),  I  =  1,...,IMAX, 
for  the  density  of  states  p°(w).  (Refer  to  the  charts  in  the  program  list¬ 
ing  for  a  precise  specification  of  the  Green's  function  matrix  elements.) 

The  subscript  variable  I  =  1,....IMAX  for  these  arrays  gives  the  frequency 
y  =  (I  -  1)  in  CM-"*-;  IMAX  is  determined  by  the  largest  integer  that  satis¬ 
fies  the  condition  ( IMAX/oraax)2  1  2.5  (since  the  original  calculations  of 
"CAF2:  were  carried  out  for  0  <_  ^  2.5). 

Program  V:  Deck  Name  "DEFECT".  This  program  will  calculate  matrix  ele¬ 
ments  of  the  perturbed  Green's  function  g(u)+ie)  =  [l  +  g°(y+ie)v0]  1g0(u+ie) 
in  the  Alg,  Eg,  F2g,  and  F^u  symmetry  manifolds  of  the  XYg  defect  space, 
for  an  impurity  matrix  vQ  as  discussed  ir.  Sec.  6.3.  It  will  also  calcu¬ 
late  the  (complex)  eigenvalues  A (to)  of  the  matrix  g°(w+ie)v0  in  those  sym¬ 
metry  subspaces,  and  the  proper  self-energy  functions  that  occur  in  Eq. 
(6.6l)  and  (6.62),  and  displayed  in  Fig.  6.12  and  6.13  for  CaF2- 

To  use  this  program.,  it  is  necessary  to  have  the  tape  of  symmetrized 
Green's  functions  generated  by  Program  IV,  "GFCN".  Various  experimental 
quantities  are  entered  in  data  statements  (cf.  program  listing).  A  tape 
must  be  supplied  on  B5  for  writing  output  data  in  binary,  and  the  input  tape 
from  "GFCN"  is  required  on  A5 .  There  will  also  be  a  standard  printout  that 
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gives  the  calculated  data  in  tabular  form, 
will  contain  2k  logical  records,  whicn  are 
COMMENT  cards  in  the  program  listing.  The 


The  binary  output  tape  on  35 
identified  specifically  in 
deck  setup  is  as  follows: 


$IBFTC  AMAT 

$IBFTC  CSMQ 

|  $IBFTC  DEFECT 

The  decks  "CSMQ"  and  "AMAT"  are  Share  Library  Subroutines : 

1)  Deck  "CSMQ":  SUBROUTINE  CSIMEQ,  SDA  308a,  inverts  complex 

matrices,  and 

2)  Deck  "AMAT":  SUBROUTINE  ALLMAT,  SDA  3hkl,  diagonalizes  an 

arbitrary  complex  matrix. 

Program  VI:  Deck  Name  "W  VS  K".  This  program  will  produce  CALCOKP  plots 
of  the  phonon  dispersion  curves  for  an  arbitrary  ^-direction  in  a  fluo¬ 
rite  lattice.  To  use  the  program,  the  following  DATA  cards  are  necessary 

1)  Card  1:  Contains  the  values  of  a,  w^,q,  w^q,  ...»  etc.(8F9.^) 

2)  Card  2,3».*.,n:  Contains  four  integers,  Nl,  N2,  N3>  and  N 

(312,  13);  the  direction  of  the  k  is  specified  by 
(Nl,  N2,  N3),  and  N  is  the  number  of  intervals  into 
which  it  is  divided  from  (0,0,0)  to  the  first  BZ 
edge  along  that  direction.  (N  <.  ko) 

The  output  will  be  a  standard  printout  giving  and  wa(x|ko)  in  tabular 
form,  and  CALCOMP  plots  of  all  of  the  dispersion  curves.  A  tape  on  A6  is 
necessary  to  generate  the  CALCOMP  plots.  Timing  is  about  5  seconds  per 
k  point.  The  deck  setup  is  as  follows: 
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All  of  these  subroutines  have  been  encountered  earlier;  "KPLACE"  and 
"MODELS"  are  Program  II  and  III  above,  and  SCDIAG  is  a  part  of  KPLACE 
(Share  SDA  3368).  Fig.  A-l^  shovs  some  dispersion  curves  calculated 
for  the  (lOO),  (110),  and  (ill)  directions  in  CaF^. 

The  card  listings  of  these  programs,  I -VI,  are  given  on  the  follow¬ 
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2:  Real  and  imaginary  parts  of  the  2nd  Green's 
function,  G°(l,l;<«+ie)  =  "B"  (cf.  Fig.  6.8) 


G  jy(  1,2;  w+i«) 


Fig,  A-h: 


Real  and  imaginary  part  of  the  iith 
function,  G°  (l,2;u+ie)  =  "F"  (cf. 


Green '  s 
Fig.  6.8) 
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Fig.  A— 6 :  Real  and  imaginary  parts  of  the  6^  Green !s 
function,  G° x(l,3;w+ie)  =  "P"  (of.  Fig.  6.8) 
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Fig.  A-9:  Real  and  imaginary  parts  of  the  9 
function,  G°  (l,3;w+ie)  B  "£"  (cf 

2X 
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Green's 
Fig.  6.8) 
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Fig.  A-10:  Real  and  imaginary  parts  of  the  10tn  Green's 
function,  G°  (0,l;w*-ie)  =  "C"  (cf.  Fig.  6.8) 
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Fig.  A-li:  Real  and  imaginary  parts  of  the  lltn  Green's 
function,  G£y(0,l;w+it)  =  "D"  (cf.  Fig.  6.8) 
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Fig.  A-12:  Real  and  imaginary  parts  of  the  12  Green's 
function,  G°(l ,1  ;w+ie )  =  "U"  (cf.  Fig.  6.8) 
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Fig.  A-13: 


Real  and  imaginary  parts  of  the  13t*1  Green's 
function,  G°  (l,r;w+ie)  =  "V"  (cf.  Fig.  6.8) 
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